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PREFACE. 



The object of the present work is to supply a want very 
generally felt by Assistant Engineers on Railroads. Books 
of convenient form for use in the field, containing the ordi 
nary logarithmic tables, are common enough ; but a book 
combining with these tables others peculiar to raitroad 
work, and especially the necessary formulfe for laying out 
curves, turnouts, crossings, &c., is yet a desideratum. 
These formulte, after long disuse perhaps, the engineer ia 
often called upon to apply at a moment's notice in the 
field, and he is, therefore, obliged to carry with him in 
manuscript such methods as he has been able to mvent or 
collect, or resort to what has received the very appropriate 
name of" fudging." This the intelligent engineer always 
considers a reproach; and he will, therefore, it is hoped, 
receive with favor any attempt to make a resort to it inex- 
cusable. 

Besides supplying the want just alluded to, it was thought 
that some improvements upon former methods might be 
made, and some entirely new methods introduced. Among 
the processes believed to be original may be specified 
those in 'J^4I-48, on Compound Curves, in Chapter II., 
on Parabolic Curves, in ^ 106- 109, on Vertical Curves, 
and in the article on Excavation and Embankment. It ii 



but just lo add, thai a great part of what is said on Reversed 
Curves, Turnouts, and Crossings, and most of the Miscel- 
laneous Problems, are the result of origina! investigations. 
In the remaining portions, also, many simplifications have 
been made. In all" parts the objecf has been to reduce the 
operation necessary in the field to a single process, imli' 
cated by a formula standing on a line by itself, and distin- 
guished by a ^. This could not be done in all cases, as 
will be readily seen on examination. Certain preliminary 
steps were sometimes necessary, and these, whenever il 
was practicable, have been indicated by words in italics. 

Of the methods given for Compound Curves, that in 
§ 46 will be found particularly useful, from the great variety 
of applications of which it is susceptible. 

Methods of laying out Parabolic Curves are here given, 
that those so disposed may test their reputed advantages. 
Two things are certainly in their favor ; they are adapted 
to unequal as well as equal tangents, and their curvature 
generally decreases towards both extremities, thus making 
the transition to and frotri a straight line easier. Some 
labor has been given to devising convenient ways of laying 
out these curves. The method of determining the radius 
of curvature at certain points is believed to be entirely 
new. Better processes, however, may already exist, par- 
ticularly in France, where these curves are said to be in 
general use. 

The mode of calc la 'n E a 'on and Embankment 
here presented, will, I gh b found at least as sim- 

ple and expeditious ah m ly used, with the ad- 

vantage over most of he n p f accuracy. The usual 

Tables of Excavation a d En b k nt have been omitted. 
To include all the va f i vidth of road-bed, and 

depth of cutlmg, they must be of great extent, and unfitted 
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for a field-book. Even then they apply only to ground 
whose cross-section is level, though often used in a manner 
shown to be erroneous in ^ 128. When the cross-section 
of the ground is level, the place of the tables is supplied by 
the formula of § 1 19, and when severdl sections are calcu- 
lated (ogelher, as is usually the case, and the work is ar- 
ranged in tabular form, as in § 120, the calculation is be- 
lieved to be at least as short as by the most extended tables. 
The correction in excavation on curves {§ 129) is not 
known to have been introduced elsewhere. 

In a work of this kind, brevity is an essential feature. 
The form of " Problem " and " Solution " iias, therefore, 
been adopted, as presentmg most cone selj the Ihmg to be 
done and th» manner of doing it Every s.olut on how- 
ever carries with it a demonstration which is deemed an 
equally eosent at feature These demonstrations with a, 
few unavoidable except ons principally lo Chipttr 11 , pre- 
suppose a knowledge of nothing beyond Algebra, Geome- 
trv and Trigonometry The res dl is m genera! expressed 
b> an algebraic formuh ind not in words Tluse familiar 
with algebraic symbols need no be told how much more 
ntolhgible and quickh apprehended a process becomes 
when thus expressed Those not familiar with these sjm 
bols si ould lose no time in acquiring the ready use of a 
language so direct and expressive It may be remaiked 
that it was no part of the author s design to fum sb a col 
Icci on of mere rules professing to require tnly an abil 
1 y to read for their s iccessful application Ruks can se! 
dom be safflv appl ed without a thoiough understanding of 
the principles on which they rest and such an understand 
inf, in the present case implies a knowledge of algebraic 
foraiul'B 

The tables here presented will, it is hoped, prove relia 
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ble. Thpse specially prepared for this work have been 
computed with great care. The values have in some cases 
been carried out farther than ordinary practice requires, in 
order that interpolated values may be obtained from them 
more accurately. 'For the greater part of the material 
composing the Table of Magnetic Variation the author in 
indebted to Professor Bache, whose distinguished ability ir 
conducting the operations of the Coast Survey is equalled 
only by his desire to diffuse its results. The remaining 
tables have been carefully examined by comparing them 
with others of approved reputation for accuracy. Many 
errors have in this way been detected in some of the tables 
of corresponding extent in general use, particularly in the 
Table of Squares, Cubes, &c., and the Tables of Logarith- 
mic and Natural Sines, Cosines, &c. The number of tables 
might have been greatly increased, but for an unwillingnesa 
to insert any thing not falling strictly within the plan of the 
work or not resting on sufficient authority. 

J. B. H. 
BOSTOH, Feiruaiy, 1 854. 
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EXPLANATION OF SIGNS. 



The s[gn + indicates Chat the quantities tetween which it ia placed 
are to be added together. 

The eien — indicates that the quantity befora which it is placed 
li t") be fuifracW. 

The sign X indicates that the qnanliiies between which it is placed 
•re to be multiplied together. 

The sign -i- or : indicates that the first of two quantities between 
which it is placed is to be divided by the second. 

The sign '^ indicates that the quantities between which it is placed 
are equal. 

The sign co indicates that the dijh-enct at the two qnantiUes be- 
tween which it is placed is to be taken. 

The sign .■. stands for the word "hence " or " therefore," 

The ratio of one quantity to another may be regarded as the quo- 
tient of the first divided by the second, Henco, the ratio of a to J is 
BSpressed by a : t, and the ratio of c to rf by e ; rf, A proportion ex 
presses the etfufdiiy of two ratios. Hence, l. proportion is represented 
by placing the sign — between two ratios ; a»,a:b = c:d. 



In the text and in the tables the foot has been taken as the unit ol 
measure when no other onit is specified. 
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FIELD-BOOK. 



CHAPTER I. 
CIRCCT^AR CURVES. 






L- 



i Curves. 



I. Thr railroad curves here considered are either Circular or Para- 
bolic. Circular curves are divided into Simple, Reversed, and Com- 
pound Curves. We begin wiih Simple Curves. 

B. Let [he arc ADEFB {fig. I) represent a railroad carve, nnit- 
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ing the straight lines GA and B H. The leiielli of sui'li a CBno ia 
measured by thords, each 10l> feet long.* Thus, if the chords A D, 
D E, E f\ and FB are eacli 100 fe«t in length, the whole cun'e is 
saJd to ba 100 feet long. The sti'night lines GAand BH BreBlw.ijs 
ianj;ent to the coive at [13 extremilies, whieh arc tallcil lusgait /minis. 
ir GA and BH mt produced, until they meet in C, -4 C and B C 
nre called ihe langenls of the curve. If A C is jirodm^d ii Utile beyond 
6'li> A', the angleKCB, formed by one tangent wilh the other pro. 
iliiced, is called the angle of inlersectton, and shows Hie change of direc. 
U'jn in pasEtng from one tangent lo the other. 

'I'he fnllowing propositions relating lo the circle are derived from 

I. A lawgenl to a circle is perpendicular to the radins drawn through 
tlio fangent point. Thus, -i C ia perpendicular to A 0, and B C to 
BO. 

II Two tangonis drawn to a cinle from any point are equal, and if 
a ihord he drawn between the two tangent points, the angles between 
this chord and the tangents are equal. Thus A C — BC, and iha 
angle BAC=ABC. 

III. An acute angle between a tangent and a chord is equal to half 
the central angle subtended by the same chord. Thus, CAB — 
liAOB. 

IV. An acute angle subtended by a chord, and having its vertex in 
the circumference of a circle, is equal to half the central angle iub- 
tendcd by the same chord. Thas, DAE = iDOE. 

V. Equal chords subtend equal angles at (he centre of a circle, and 
also at the circumference, if the angles are inscribed in similar seg- 
ments. Thus, ^Oi* ^DOE, und D A E = E A F. 

VI. The angle of intersection of two tangents is equal lo the cen- 
tral angle subtended bv the chord whicli unites the tangent point?. 
TUm. KCB^AOb' 

3. In Older to unite two straight lines, Bs G^andBH, by a curve, 
the entile of intersection is measured, and then a radius for the curve 
may be assamed, and the tangents calculated, or the tangents may^ 
ns^umcd of a certain length, and the radius calculated. 



4. Problem. Given the angle ofinlenecUon KCB= I fjg !J 
and Ihe radius A ^ fl, lofind lU tangent AC^T. 




Sdalion. Draw C 0. Then in the right triangle J we Imra 
(Tall. X. 3) 75 = tan. AOC, or, since AOC=iI (i 2, VI.) 



Ezampk. Given / = 22° 52', and R = ,1000, to find T, Hera 
fl = 3000 3,477121 

ir=\[''W lan. 9.3058Ct 



9. Problem. Gimn Ihe angle of ialerseetimi K C B = I {fig. I), 
(IW the tangent A C = T. I'._fin'l Ih- r.,di>,i. AO =^ R. 

Cookie 



CIRCULAR CORVES. 





a. In the right triangle A C we 
ot A 0, or 1 = cot i I; 

.■.R=Tcot.iI. 


1 huve (Tab. X. 6t 


^xami 


•le. Giv«n/ = 31'16' and r=950,t 
T=9i0 
i/= 15=38 


aBndlt. Here 

2.977724 




li = 3394.89 


3.530826 



6. The degree of a ciirve is determined by the angle subtended at 
its centre bj ft chord of 100 feet. Thus, if A Z> = 6° (tig. 1), 
ADEFBis as" carve. 

7. The dffiixlion angle of a eurve is the aeute angle fonued ftt any 
point between a angont and a chord of 100 feet. The deflection angle 
is, therefore (^ 2, HI.), btilf the degree of the curve. Thus, CA D or 
CBF is the deSeotion angle of the curve ADEFB, and is half 
AOD or half i^OB. 

A. Method by Deflection Angfea^ 

8. The usniil method of laying oat a curve on Ihe ground is bj 
means of deflection angles. 

9. Problem. Given Ihe radius AO=^R (fig. ! ), (o find the de- 
fiectioa angle CBF'^^D. 

Sdidion. Draw OL perpendicular lo BF. Then the angle B OL 
e=4B0F=I', and Bi = lBi^= 50. fiut in the right triangle 
OBL we have (Tab. X. 1) Bin.BOi = |^ 

Example. Given R = 5729.65, to find D. Here 

50 I. 899970 

fl = 5729.65 3.7S8128 

D = 30' sin. 7.940842 

Hence a curve of this radius is a 1° curve, and its deflection angle is 
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METHOD BV 



SolulioH. By the preceding si 
fi sin. Z) = 50 ; 



3y this formnla the radii in Tnble I. are culculatcd. 

Exatnpk. Given D = 1", to find H. Here 

50 1.698970 

Z> = 1= Bin. 8.241855 

fl = 2864.93 3A57U5 

11. Problem. Given the a»yU of intaseclimi K C B = HJig. l), 
and the tangent AG=T, to find the d^tion angle CAD = D. 

Solution. From § 9 we have sin. Z> = — , and from 5 5, K = 
Tcot-il. Substituting this value of R ia the first equation, \re gel 

». ...sin.D = ^^iiIllii. 

r 

£ninip(«. ffiven i = 21" and T = 424.8, to find D. Here 

50 1.698970 

1 7 = 10= 30 tan. 9.267967 

0.966937 
7' = 424.8 2.628185 

£1 = 1° 15' sin. 8.338752 

12. Problem. Given Ihe angle o/intersedion ECB = I (Jig. l).. 
and Ihe deflection angle OAD^D, to find the tangent AC= T. .. . 

Station. From the preceding section we have sin. D = — ^ — • 

H«iice, Tsin. O = 50 tan. J I; 

ava-D 

EiantpU. Given I = 28° and = 1°, to find T, Hero 
r^^'"-"'^714.3I. 
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13. Prolllviu. Gicen Iheaiiglro/wterseilKm KCB = I ify.lj, 
and the deJUi:l:on anyh CAD=D, to Jaul the leagtb of the cant. 

Sulaiian. Hy ( 2 the lengih of a curve is measured by chords of lOU 
feet applied around ihe curve. Now the first chord A t> makes wi^h 
tlie tangent J. C an angle OA D=^ D. and eaeh socceeding ehord 
DE,EF,&c. sublendB at ^ an addilional angle DAE, BAF, &c. 
oath equal to D; ainee each of ihese angles (^ 2, IV.) is half of a 
central angle subcended fay a ehorf of 100 feet. The angle CA B = 
\AOB^=^l\i, therefore, made up of as many limes D, as tliere art 
chords around the curve. Then if n represents the number of chords, 
wehave„0 = 4/i 

If D is not contained an even number of limes in ^ /, tli^ quotient 
ahove will still give the length of the curve. Ihus, lo fig 2 aupj o"l 
U is contained 43 times in ^ /. Tliia sIioith that there will be fo i 
whole chords and 3 of i chord around the cuiic from 4 to B Th 
angle GAB, the fraction of D, is called a mh d'Jteclion angle, ttii I 
G B. the fraction of n chord, is called a sidi-choid * 

The length of the curve thus found U not the actual length of the 
are, but the length toqnircd in loeatin]j a curve If the tctaal length 
of ihe arc is required, it may ho found by means of Table VI. 



Erample. Givet 


1 / = 16" 52' and D = 1° 2D', li 


3 dnd llie length ol 


s curve. Here 


„ = y = ^ = ^' = 6^25. 


that is, the eurre 



is 632. S feet long. 

To find the arc itself in this example, we take from Table VI. the 
length of an arc of IB" 52', since the central angle of the whole curve 
is equal la 1(1,2, VI ), and multiply this length bj the radius of the 

Arcltf' =.1745329 

" 6° = .1047198 

" 50' =.(1145444 

" 2' = .(MKISSIB 



METHOD HY UhKJ.ECTlON ANIil.HS. 

The radius of the curve is found fram Table I. to be 2148.79, a- 
multLplieil by ,2943789 gives 632 558 feci for the lenglli of the ai 




SrfutiiW. Let A {fig. 2) be the fiiveii Itingen po t n the tangent 
HC. Set the instrument at ^, and layoff the g vtn deflect on angle 
D from A C. Tliis will give the direction A D and 100 feet being 
measnted from A in this direction, t?ie point D nil he dcterm ned 
Lay off in succession the additional angles Z* 4 / EAF Kc eath 
equal to D, and make DB., EF^ &c. each 100 feet, and the points 
E, F, &e. will bo delermmeil. The points D, E, F, &c, thus deter- 
mined, are points on the required earve (j 7, and § 2, III, IV.), and 
are called slaliom. 

If there ia a sub-chord at the end, B9 O B. the suh-doflection angle 
GAB must be the sHme part of/) that 6 B is of a whole chord « 13). 

IB. It is often impossible to laj out the whole of a curve, wiihoul 
removing the instrument from its first position, either on account ol 
the great length of the curve, or because some obstruction to the sight 
may be met with. In this case, after determining as many stalions as 
possible, and removing the insti-nment to the last of these stalionRi we 
ought to heiihic to find the tangent to llic curve at this Blalion; for 



then the can'e coul(< be continued by deReelions from the new tangent, 
in precisely the same way es it was begun from the first tangent 

16. Problem. After naimng a curve a cerlaia ntonier of stalioni, 
lojind a tangent to the curve ai lAe lasl stalioa. 

Solution. Suppose that the cnrve (tig. 3) has been rnn three Etations 
lo F, and that FL is the tangent required. Produce A F to K, anil 
we have the angle KFL = AFC. But (4 2,11.) AFG=FAC. 
Therefa,re KFL = FA C. Now FA G a the sam of all the deflec- 
tion angles laid off from the tangent at A, thai is, in this case, FA C 
= 3 iJ, and the tangent Ff. ia, therefore, obtained by laying off from 
A F produced an angle KFL equal to the total deflection from the 
preceding tangent. 

If the curve is afterwards continued beyond F, as, for instance, 10 S, 
a tangent B .W at B is obtained ly laying off from FB produced an 
angle MBN=LBF=LFB, the total deflection from the prs 
ceding tangent FL, 



B. Method bff Tiingent and Chard Dejlectiont. 
n. Let ABCD (fig. 3) be 
ind DL, having the chords A 



■e between the two tangents B A 
a, and CD of the same length 




Produce the tangetit E /I, and from H draw B G perpendicular to 
A G. Produce also the chords ^ C and li G, and make the produced 



TAN :KNT AM) CHORD DEFLECTIONS. 9 

DHrte B H and CK of the same length as the rhords. Draw CB 
and DK. B G is called the tonffent deJUctian, and CH or D K Ib6 
chord deflection. 

IS. ProlklCUI. Given the radius AO = R {Jig. 3), to Jind the 
langeni defleclion BG.aadthe chord deftedion C H. 

SolfUion. The tiiangle CIS 11 is eimilar to BOG; for the angle 
6 0(7=180^- {OBC-\-BCO\or,s\aceBCO = ABO,BOG 
= IBC — {OBC-^ AB0) = GBH, and, as bolli ihe triangles are 
isosceles, the remaining angles are equal. The homologous sides are, 
therefore, proportional, that is, BO : B 0^= BC: CU, or, represent, 
ing the chord by c and llie fhord deflection ^ly d,R:c ^ c:d; 

or .-.i-i. 

To find the tangent deflection, draw BM to the middle of C U, 
bisecting the angle UDII, and making BM C a right angle. Theu 
(he right triangles fl JW C and -1 G fi are equal ; tat BC=AB, and 
the angle C B M ^\ CB H=iBOC =\A0 B ^ B AG (} 3, 
III.). Therefore B G = CM=iCH = \d, thai is, the tangent de- 
flection is half the chord deflection. 

19. Problem. Given Ihe deflection angle Do/ a carve, to flnd Uu 
chord deflection d. 

Solution. By the preceding section we have '1 = ^, and bj \ ID, 
K = ri^ Substituting this valae of E in the lirst equation, we find 

This formula ^ves the chord deflection for a chord c of any length, 
though D is the deflection angle for a chord of 100 feet (J 7). When 
c = 100, the formula becomes d = 200 sin D, or for the tangent de- 
flection id=^ 100 sin. D. By these formiilie the tangent and chord 
deflections in Table I. may be easily obt^ned from the table of natural 



20. The length of the curve may be found by first finding D (^9ot 
1 11], and then proceeding as in 4 13. 

EI. Problem. To draw a tangent to the curve at any station, 
ae B (fig. 3). 

Salatioa. Bisect (ne chord defieelion ^C of the next statioo in M. 



10 

A line drawn tTirough B and M will be the tangont roquire 1 ; f Ji' U 
has been prated (g 18) that the angle C B 3( la in this cast eqii;il t.) 
iB C,aad£ if is consequeatly (g 2, III.) a tangeut at R 

If B is at the end of the curve, the tangent at ZS may be fonnd with- 
out first laving otF ffC. Thus, ifaehain ei|(ial m tlip i-hord is ox tend- 
ed to fl on A B praduceit, tlie point U iiiaikiil, hiuI iIik cliain ilien 
^wung round, ke.ping the end at B fijitd, until // M ^ i.l, B ,W will 
l>e the diiiiction of the required tanjfent.' 

22. Problem. Giixn the dtoid •l>-prt.im d, lo hg o«( a etirse 
from a giuen tangent point. 

Solution. Let A (Hg. 3) he the siivcii tangent point, and suppose d 
has been calculated for a eh on! of !00 fwt. StrclHi a chain uf lOf) 
feet from A to G on the tangtnt E A pro<lU(Cd. and mark the point 
G. Swing llie chain round towards A B. keeping the end at A (i-xei, 
until B G is equal to Ihe Inngcnt deflection 1 d, and B will ho the first 
station on the carvo. Slrctth the chain from B to II on AB pro 
duced, and having marked Ibis point, swing the chain round, until ift 
la equal to the chord defieclion d. C is the second sialion on the cnrve. 
Continue to lay off die chord deflection from the preceding chord pro 
dured, until the curve is finished 

Should a sub-chord Df occur at the end of the cnrve, find Ihe tan 
gont D£ at D (4 21), layoff from it Ihe proper tangent deflection Ef 
for the given sub-chord, making DF of the gi^en length, and F will 
be a point on the curve. Tlie proper tangent deflection for the spb. 
chord may be found thus. Represent the suh'Chord by c', and the cor- 
responding chord deflection by rf', and we have (^ 18) kil' = ^'' l"" 



since id=~^ "-ehave W:l'i = i 


;":.'. Thcrcfoi-e.irf' = 4J(f/. 


Emwple. Given the intersection 
equal lo 16° 30', and fl = 12S0, tc 
curve in stations. Here 


L angle / between two tangents 
. find T. d, and the length of tlie 


(i i) T= R tan. 47 = 12.50 tan 


1,8° 15' = 181,24; 


■ ThD dUmnce B M is not siectly equal 
taxing it I'qUHl Is toi nrnM Cd be regirdcd 1 
radius. If nMrjKiry, the true lenfith ot 


rrritnrr^^ 



cglc 



(S 13) n =-!-' = -21^ = ^ = 3.60. 
Tliese results show, Ihat the tangent pniDt A {dg. 3) on the first Ian 
gent is 181.24 feet from the point of inleraeelioc, — that the tangent 
deflection GS= i(;= * feet, — that tlie chord deflection fi Cor A!i3 
= 8 feet, — and that the curie is 360 feet Jong, The three whote sta- 
tions By C, Hnd D having been found, and the tangent DL drawn, th« 
tangent deflection for the sub>chonl of 60 feet will he, as sliown above, 
{ J' = 4/^j'=4 X .6' = 4 X 36 = 144. iF=M4feCE being 
laid off from DL, the point F will, if tlie worfe is correct, fall upon 
the second tangent point. A tangent at F may be found (5 21 ) by 
pioducing DFia P, making FP = DF= 60 feel, and laying o/l 
FN = 1.44 feet. FN will he the direction of the required tangent, 
wiiieh shoald, of course, coincide with the given tangent. 

23. Curves m.iy bo laid out wicli aceui-aoy by tangent anJ cliord 
deflection?, if an instrument is Used in producing the lines. But if an 
instrument is not at hand, and accutacy is not important, the lines may 
iie produced by the eye alone. T!ie radius of a curve to unite two 
given straight lines may also be found without an instrument by ^ 73, 
or, having assumed a radius, the tangent jioinls may be found by J 74. 

C Ordinales 
24 The preieding methods of laying out curves determine points 
100 feet distant from eaeli other Thee pomts are usually auflicienl 
for grading a road , but when the track is laid, it is desirable to Iiave 
inlormediata points on the curve acLuralcly determined, i'or this pnr- 
pose the chord of 100 feet is divided into a certain numhvr of eqnal 
parts, and the perpendicular distances from the points of division to 
the curve are cnlcolated. These distances are called ordmates. If the 
chord is divided into eight equal parts, we shall have points on the 
curve at every 12.5 feet, and this will be often enough, if the rails, 
which are seldom shorter than 15 feet, have been properly cnrveil 

25. Problem. Given the defleclioa angle D or the radius R of a 
curve, to find the ordinales for any chord. 

Solution. I. To find the middle ordinate. Lot ^£B (fig 4) be 
a portion of a curve, subtended by a chord A B, which may be d* 

t.OOgIc 



CIRCULAR CURVES. 



Draw the middle ordinate ED, and. denote it by ta. Sto- 
o the centre F, and join AF tmA AE. Then {Tab. X, 3t 




-T^taa-EAD, or ED = ADVa-a-EAD. But, since the angle 
BAD iameaaaredby half the are BE, or by half the eqral arc il i?, 
we have EAD^ iAFE. Therefore E D = AD t&n. iAFE.or 

^ m = hcUL!,.iAFE. 

Wlieac ^ lOOMFE = D (^7), and ni = 50taD. iD, whence™ 
may be obtained from the table of natural langenls, by dividing tan 
i D by a, and removing the decimal point two places to (he right. 

The vhIoo of in may be obtained in another form thus. In the 
triangle ADFve have D F = ^AF' — AD'^ ^R' — it^'. Then 
m = EF~DF=R — DF,oT^ 



t^ 



= R- 



II. To liiid any other ordinate, as RN, at a distance DN= b from 
die centre of the chord. Produce R N unfil it meets the diameter 
parallel to J B in G, and join R F. Then RG=~ ^RF'^FC = 
yW — 6', and RN= RG ~ NG ^ RG ^ DF. Substitnlins Iht 
ntlne of RG and (hat of DF found above, we have 



I^ 



RN^yR'- 



-^R'-ic' 



oogk 



IS 

By these formulie tlie ordinates in Table I. are calculated. 

The other ordinates may also be roond from the middle onliaale bj 
the following shorter, but not strictly exaet method. It is founded ou 
the supposition, that, if the half-chord BD be divided into any iiainber 
of equitl parts, the ordinates at these points will divide the are£ B into 
the same number of equal parts, and npon the further supposition, that 
the tangents of small angles are proportional to the angles themseh'es. 
These suppositions ^re rise to no material error in finding (he ordi- 
nates of railroad curves for chords not exceeding 100 feet. Making, 
for example, *)ur divisions of the chord on eaeh side of the centre, and 
joining AR. AS, a,nd A T, we have the angle RA N= % EA D, 
since ^B is considered equal to % E B. Bat E A D = iAFE. 
Therefore, R A N= f A FE. In the same way we should find SA 
^ iAFE.mA TAP = \AFE. We have then for the ordinates, 
RN^ANia.a.RAN^ictaa.lAFE,SO^AOtan.SAO = 
i c tan. i 4 FE, and TP=AP\aa. TAP=^lctan. ^A FE. 
But, by the second supposition, tan. | AFE = i tan. ^ AFB, 
lan. i J J"/; = i lan. J ^ FE, and lan. M FS = i tan. | ^ FE. 
Substituting these yalues, and recollecting that ^ c Can. ^ A FE = m, 

(^^=igX i c lan. M -f ^ = i "> 
SO=\x>iCta.n.^AFE=\m. 
rP^,^Xictan.M^fi = ll'"- 

In general, if the number of divisions of the chord on each side of 
the centre is represented bj n, ve shoald find for the respective ordi- 

. ... ,. . (~ + l)[fi-l)m (n + 21[n — a)m 
nates, beginning nearest the centre, ■ ^ , ^^ — — t 

Example Find the ordinates of an B° carve to a chord of 100 feet 
Here m ^ 50 tan. 2° = 1.T46, RN = ^ " =■ 1-687, SO^\m= 1.310, 
and ri> = ^nj = 0.764. 

26. An approximate value of m also maj be obtained trota the for- 
mnla ni = ii — .yfl' — J c*. This is done by adding to the qaantity 
under the radical the very small fraction o, j|, , making it a perfect 
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•qoare, the root of which will be R — g^ . We have, then, m — fi 

-{"-,'.)■■ 

27. From tliis value of-m we see that the midille ardinales of Jtiij 
tvo chorda in the same curve are to each other nearly as the si^uares 
of the chords. If, then, A B (Sg. 4) be considered equal to i AB, its 
middle ordinate CH = { ED. Intermediate pointi on a curve innj, 
therefore, be very readll; obtained, and generally with sufficient accu- 
rac]-, in the following manner. Stretch a cord fi-cm A to B, and ijy 
meann of the middle ordinate determine tJie {loint E, Then Etretch 
thoeoril from A to £. and lay olF the middio ordinate C/f == i^D, 
thus determining tho point C. 'ind so continue to ]ay off from the suc- 
cossive lialf-chords one fourth the preceding oi'dinale, un^l a sufticient 
number of points is obtained. 



28. Ttic rails of a cnrve ai-e usually curved before they arc laid. To 
do this properly, it is necessaiy to know the miiidle oriiinate of the 
cnrve for a chord of the length of a rail. 

23. Problem. Gk-en the radlMs or dejlwlioa angkofa -.mve,lo 
Jind the middle ordimitefor curving a rail of given hngth. 

SolalioH. Denote the length of the rail by I, and we have (^ 25) 
the exact formula m = fi — y/i' — 4 /', and (S 26} the approximato 
formula 

This formula is alwnys near enough for chords of the length of a rail 
Ifwe'subslitule for flits value (J 10) S = S5~d' "e have. 



EjptBi;^. In a 1° curve find the ordinale for a rail of 18 feet i 
lengtli. Here R Is found by Table I, lo be 5723 65, atid therefon 



HEVJillSKD AND COMPOUND CUBV£S, t5 

by the first forrauln, m = 114533 = .00707. By the second fovmula, 
m ^ .81 sin. 30' -= .00707. Tho cxnct formula wonlil give the same 
result oven to ihe tiflh decimal. 

Bjltceping in mind, that the oiditiato for a rail of IS feet in a I" 
carve is .007, the corresponding ordinate in a curve of any other de- 
gree tnBy lie found with Eufiicienl accuracy, hy multiplying this deci- 
mal by the number expressing the degree of the cnrve. Thus, for a 
cnrveofB'ae'orS.e', the ordinate would be .i.i7 X 5.6 = .039 ft. = 
.468 in. 

For a raii of 20 feet we liare i i" == lOO, and, consequently, in =1 
Bin. D. This gives for a 1° curve, in = .0087. The corresponding or. 
dinate in a carve of any olher degree may be faand witli suHicient 
aecnracj, by mnltiplying this decimal by the number expressing the 
degree of the curve. 

By the above formula for m, the ordinates for curving rails in Table 
I. are calculated. 

Abticle II. — Revebsbd and CowponND Cueveb. 
30. Two curves often succeed each oiher having a common tangent 
U the point of junction. If the curves lie on opposite sides of the com- 
mon tangent, they form a reversed curve, and their radii may be the 
■ame or different. If they lie on the same side of tlie common tangent, 




[ftcy have different radii, and form a compound curv 
'fig. S) is a reversed oii've, and A R D s, [omoound ci 



16 CIRCULAR CURVES. 

31. Probleni. Tu lag out a reversed or a i-ompound curve, rAen 
tke radii or drfiectum angles and the tangent points are tnoiun. 

Solution. Lay out the first portion of tho curve from A UiB (fig. 5), 
by one of the usoal methods. Find B F, the tangeat lo AB, at the 
point « (5 16ori 21). Then iJ F will he the taneenl also of the sec- 
ond portion B C of a reversed, orBDofa compound curve, and from 
this langcnt either of these portions maj be laid off in the usual man 



A. Ueversed Curves. 
32 Theorem. The reversing point c/ o rei-ersed c 
)MraUet tangents is in the line joining the tangent points. 




Demonstration. Let A CB (fig. 6) be a reversed curve, uniting tlif 
parallel tangents HA and B K, having Us radii equal or uneqoal, and 
reversing at C. If now the chords A C and CB are drawn, we have 
lo prove that these chords are in the same striught line. The radii 
EC and C F, being perpendicular lothecommon tangent at C (^ 2,1.), 
are in the same straight line, and [he radii A E and B F, being per- 
pendicular to the parallel tangents HA and BK, are parallel. There- 
fore, the angle AE'C= CFB, and, consequently, EC A, the half 
supplement of ./I £ C, is eqnal to f fB, the half supplement of CFiJ; 
but these angles cannot be equal, unless A C and CB are in the same 

33. Problem! Given ike perpendiailar distance between (lOO par- 
alW tangents BD = h (Jig. 6), and ike distance between the two tangent 
(Mints A B = a, to determiae the reversing pmnt C and the common Todmi 
EC -^ CF-= R of a reversed curve uniting ttip. tangents n A and B K. 

Sohaion. Irft -4CB ba the required curve. Since the r.idii are 
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•qual, anfl the angle AEC= BFC,ihis triangles AECaaiBFC 
are equal, and A C = CB = ^ The recertiag point C is, Uierefon, 
Oie middle point of A B. 

To find R, draw E G perpetidicalar to A C. Then the right tri- 
iiiglea AE G a.ni BAD ure similar, since {j 2, 111.) the angle 
BAD^^AEC^ AEG. Therefore AE : A G = AB : BD, 
orfl:ia = c.:6; 



Iffiandb 



.0 find a, the equation R = 



O^ .-.a^Z^/Rh- 

ExampUs. Given 5 = 12, and a = 200, to determine R, Here 

Given fl = 675, and 6 = 12, to find a. Here o = 2^675 X 12 - 

ayaloo .= a x so = 180. 

34. Problem. Given Ihe perpendicular dislance bctuiMn tmo par- 
allel tangeiils BD = b {Jig. 7), the distance Utiivea lite two tangent paints 
AB^a.and the Jtrsi rodtvt E C— Rofa reversed cune umtii\g the 
Umgentt HAand BK,tofindthectiOTds A C = a' and CB = a",and 
Ihe sKond radius CF = R'. 
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Sdition. Draw the perpendicnlan 
Iiianglcs JBD and EAG are si 



^ABC= AEG. Therefora ABxBD = E A: AG, oi a:b - 
R-.^a'; m 

2Bb 

Since a' and a" are (4 32) parts of o, wc have 
E^ o" = a — a'. 

To find fi' the similar triangie-5 ^ B D and f B L give AB-.BD 
= FB : B L,or a : b = R' : i a" ; 



Example. Given i = 8, a = ICO, and 11 = 900, lo find <i', a", and 
ff. Here ci' = ~-|^^ = 90, a" - 160 - BO = 70, and R< = 

35. COl'Ollary X. If6,a',anda"areeiven, lofinda,fi, aodfl', 
we have (« 34) 



Erample. Given 6 = 8, a' = 90, and n" = 70, lo find a, li, and fl 
Here a = 90 + 70 = 160, B = '2x8 = S™, and ^' ^ ' 3 x a ^ 



36. Corollary S. If R, R', and & are given, to find a, a', and a", 
e bave « 35), R + R' =■ ""^i^"^' = ^'^— = ||- Therefore 



-Having found a, wc have (5 34) 



Emiaple. Given R = 900, R' = 700, and b = 9,tO find d 



0". Here a = ^2 X 8 (000 + 700) = yifi X 1000 = 



ciLvGoOJ^Ic 



RKVERSED CORVES. 19 

37. Frobleni. Given the angle A KB = K, which shows Cht 
change of direction of too lange!^ HA and B K (Jig. 8), (o laiitn Iheu 
taiigenis bg a re^rseA ran-e of given common mJias R, alartingfrom a giv- 
m tangent potnt A . 




Solution. With the given rudivs ran (Se cur»£ to tlie point D, where llit 
tangent D N becomes paraild to BK. The point £> is found ihus. Since 
the angle Af'GJT, which is double the anglGH4D(i 2, IL), is to be 
made equal to A KB = K, lay off from HA the angle liA D=iK 
Measure in Ihe direc^on ihua foond the chord AD =^2 R sin. i R 
This will be shown fi 69) (o be the length of the chord for a deflectioe 
angle J K. Having found the point D, measure the perpendicular dii- 
luice D M = h beiioeen the parallel tangents. 

The distance DB = 2 D C = a may lljcn be obt.iined from the for- 
mula « 33, Cor.) 

^ a^2jRb. 

The second tangent point B and the reversing jiojnt Care now du- 

tcimincd. The direction of D B or the angle B DNmay also be ob- 

- sin. DBM = ^,or 



laincd ; for si 



m" 



i.BDN^ 



3S. Pl'Olkleill. (7.(,fii the Hie A B = a (fig. 9) midd, joins the 
fixed langml paints A and B, the angles HAB = A and A B L = B, 
ind tJie ^rsl nvlins AE = Ii[to Jiitd lite second radius B F ^ R' vfa 
reversed earre lo a itf the tatigenia II' A and B K 

J^rst Solvtiou With lh>' i/ilien radna run the curve to the, ,,oi„l D, 
•there the Itmyent O yhm;ms parallel to B K. The point D is found 



'l\'~ 



thus. Since (he angle H U N, which is double HA I) {S 2. 11.), is 
equal to ^«B, lay off from HA the.angle HA D = J(AcoB), and 
measure in tliis diteotion the chord AD^2R sin. ^ (A>» B) (^ 69) 




&«1I5 li« inslrumeiil at D, rim the curve lo the reversing point Cm the 
line from DtoB^ 32), onif measure D C and CB. Then the similar 
(rianelesD^Cauil B F C give, D C: DE =^ CB : BF, or DC: B 
= <CS-.R'; 



•.R' 



_ CB 
~ DC' 



X R. 



SecBiid Solvlion. By this melhod the second radius maj be found 
t^ calculation alone. The figure being drawn aa above, we have, in 
the triangle A BD, Af! ^ a, AD = %R sin. ii {A — B), and Ihe 
inclnded angle DAB ^ UAB -HAD=A — i(A-B} = 
I (A +B). Find in this triang.e (Tab. X. 14 and 12) BZ) and llif, 
angle A BD. Find alio tU angle D B L = B + A B D- 

Tlien tho chord CB = 2 K' sin. i B.FC = Sii' sin. DBL, and 
the chord DC=&R sin. ^DEC^HR sin. DBi « 69). But 
CB = BD ^ DC; whence 2 fl' sin. DBL= BD ~2R sin 



DBL; 



-fi'- 



li.DBL 



~R. 



When the point D falls on the oAer side of A, that is, when the 
angle B is greater than A, the solution is the same, except that Iho 
angle Z) A B is then IW — i (•* + B). ="il ">e angle D B£ - B — 
ABD. 



t,i 



Ic 
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39. Problem. Given the knijih of Ihr. common tangent D G " a, 
and Ike angles of inieraectioti land P {Jig. 10), fa determine the commaK 
radius C E = C F — R of a reveraed eane to anile At langenta HA 
andBL. 







This formala may be adapted lo calculation bf logarithms ^ for in 
have (Tab, X. 35) tan- ^ / + tan, ^P =^ cw°'/fH i P ' Substitudnj 






■eget 






■IL 



\ {1+ P) 

The tatigent points A and B are obtained by measaring from D a 
i J, and from G a diatanee B G = R Ian. J P. 



distanca A D = R 
ExampU. Given a 



ofindR. Hero 
2,778151 
COS. 9.997614 



Cooj^lc 
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40. ProWcm. Given the line A B ^ a (Jig. 10), which joins Ih 
fixtd fangeat poinia A and B, the angle DA B = A, and the angle 
ABQ^B,ti> find the ammrn radiat EC= CF= Rofartvtrted 
erne to mtite the tangents HA and B L. 




SaUaion. J'ludjirsl the auxitiarg angle A KE^BKF, which mm/ 
U denoted bg K. For this purpose the triangle yl Eff gives AE:EK 
= sin, iC : sin. EAK. Therefore E K em. K= AE sin. E A K ==-- 
B COS. A, since EAK =^ 90= — A. In like manner, Uie iiianyle 
B/'X gives /'JC sin K = BF e,m. FBK = R cos. B. Adding 
these eqimlion9,we.]iftve(E7i: + ^^ sin. K = .fl (cos. .^ + eos B), 
or, sinco E K + F K = 2 R, 2 R sin. K = R (ms. A + cos. B) 
Therefore, ein. K = ^ (cos. A + coa. B). For ealcnlatiou by loga- 
rithms, iJiis becomes {Tab. X. 28) 



S" 



eos.H'l + Sjcos.itA- 
e haro tlie angle .di?^ = 
- (90=- 



B). 



Hiiving found I 
EAK= mP — K-{9IP — A) = 'irP + A — K, and the angle 
BFK= F= iatP-~K—FBK-= 180= — K'— (Sff*— B) =-90= 
-i- B ^ K. Moreover, the triangle A E K gives AK . A K = 
lin. ff:sin. E,OTRim. E=AKs\a K. and the triangle BFAT gives 
BF:BK=sin. K: sin .F, or R sin. F= Bfi'sin. K. Adding these 
equations, we have R (sin. E + sin. F) = {AK+ BK) sin. K^ 
■ sin. K- Substituting for sir. E + sin. Filri vahte 2 sin. ^ (E + Fl 



'Jk- 
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roi, 1 C^ — '^ (Tab. X. 1 



'0 have 2 It sin. J (B + /*) c 



nally, substiWling for E its value SfP + A — K, Hnd for Fits valna 
Sffi + B-K, wa get J (ff + F) = 90= — [i'- j M + O)], and 

ra= p _ i « siii.ff 

•^ COS. [A' -"i (^ + B")] cos J" (Jl - Sj 

Example. Given u =1500, ^ = 18°, and ZJ = 6", to find A'. Here 
^(_A + B) = 12" cos, 9.990404 

i (-i — .G) = 6" COS 9 997614 






:os. 9.032347 
■OS. 9.997614 



B. QmpouTid Curees, 
41. Theorem> If one branch of a compound curve be prodvced, 
nntll tli« lanaoil at ils eitTemity is parallel lo the tangetil at the extremity 
of the second branch, the common tangent poitii of the tico arcs is in the 
itraighL line pr^uced, which passes trough the tanffent 2>oints of these par- 
allel tangents- 
Demonstration. Let A CB (fig. 11) be a tomponnd cun-c, nnlting 
the tangents HA cniBK The radii CEand CF,hi:ii\e l>erpen- 
dienlar lo the common tangiint at C (} 2, 1.), are in the same straight 
line. Conlinue the curved Cto D, where its (angent OD becomes 
parallel to BK, and consequently the radiua DE parallel to BF. 
Then if the chords CD and CB be. drawn, we have the angle CED 
= CFB ; whenre E C D, Iho hatf-supplement of C E D, is equal lo 
P'CB,\he hi\lf-«ipp!ementof CFB. ButECDcannol he eijual to 
FCS, unless CD i-nin rides niih C H. Therefore the line JS Z> pro- 
iueed passes through the .ommon tnnKent ]ioint C 



C'.ooj^lc 



CIHCULAH CUEVES. 



42. Problem. To find a Urn 
eompmnd came. 




boluiioa. Let AI and BI (fig. II) be the langenis of the curve. 
Throngh the intersection point I, draw I M bisecting the angle A iB. 
Draw .d Z, and B 3< perpendicular respectively to ^ /and B/, meet- 
ing 7M in LanAM. Then the radius of the branch eomniencing on 
the shorter tangent A I must be less than A L, and the radius of the 
branch commencing on the longer tangent Blmuat be greater than 
BM. For suppose the ehoncr radius to be made equal \o A L, and 
make IN •= AI, and join L N. Then the equal triangles A IL and 
NIL give A L = L N; so that the curve, if continued, will pass 
through N, where its tangent will coincide with IN. Then (^ 41 ) the 
common tangent point would be the intersection of (he straight line 
throngh Band iV^with the Urst curve; but in tliis case there can he no 
intersection, and therefore no common tangent point. Suppose next, 
that this radius is greater than A L, and continue the curve, until its 
tangent becomes parallel to BI. In (his case the extremity of the 
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curve will teM outride tlie tangent BIra the line A iV produced, and a 
straight line ihrough B and this exlremitj wili again fiul to inlcrsecl 
the curve already drawn. As no common tangent point can be found 
whon this radius is taken equal to J, X. or greater than A L, no com- 
pound curve is possible. This radius must, therefore, be less than A L. 
In a eimilar manner it might ho shown, that the radius of tlie other 
branch of the curve must be greater than BM. If we suppose the tan- 
gents A I and B I and the intersection angle / to be known, we have 
(i 5) ^ i = J /cot. J f, and S Jtf = fl / cot. i /. These values are 
therefore, the limits of the radii in one direction. 

43. If nothing were given hut the position of ihe tangents and the 
tnngent points, it is evident that an indefinite number of diffei-ent com- 
pound corves might connect the tangent points ; for the shorter radius 
miglit be taken of any length less than the limit found above, and a 
corresponding value for the greater could be found. Some other con- 
dition must, therefore, bo introduced, as is dona in the following 
problems. 

**. Problem. Given the line A B = a (jig. 11), mlach joint &t 
fixed iangent paints A and B, As angle BAI = A,the angle ABl = 
B, and IheJirsI radius A E = R, to find Ihe second radius BF=R'<^ 
a compound carve la unite tlie tangents HA and BK. 

Solution. Suppose tbe first curve to be run with the given radius 
from 4 to D, where its tangent DO becomes parallel to ^/, and 
the angle IAD = ^(A + B). Then (§ 4!) the common tangent 
point C is in the line BD produced, and the chord CB^ CD + 
BD. Now in the triangle XBO we have AB^a, AD= iR 
sin. ^{A + B) (i 69), and the included angle DAB=^IAB — 
IAD = A — \{A -{- B) ^ ^I.A — B). Find in this triangk 
(Tab.X. U and 12) tim angle A B D and tlie side B D. Find also Iht 
angle CBI^B-ABD. 

Then (5 69) the chord CB^iR' sin. CB I, and the chord CD = 
2 R sin. CD O = 2 ii sin. CB 1. Substituting these values of CB 
and CD in the equation found above, CB = CD + B D, we have 
Sff sin. CBI^2R sin. CBI+BD; 



'.R'^R + . 



BD 



When the angle B is greater than .d, that is, when the greater radios 
IS given, tlie solution is the same, except that the angle DAB^ 
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J(B — J),aiiil C H lis [<iaaA hj tahtraciins tha supptemeat of A UU 
from B. We simll also find CB = CD— B D, and conseqiieutlj 

*^ ^~27in. CBI- 

If more convenient, the point f> may be rtticrmineil in the field, !>j 
lajing off [he unglo IAD = ^ {A + B), «nd nitiisiiriiii' the distance 
AD = 2RBin.i Ul + «)■ /ii^ and CB/ mnj tlieii be mciisured. 
instead of bdng ealcalaied as above. 



Eampk. Given a = 9r>f), 4 = B=, C = 7°. .m.l R -- 


= 3000. to iiTi 


R: Here ^ D = a x 3000 ain, J (8» + 7') = 783.16, . 


!indZ;.lB = 


i {8* — 7°) = 3U'. Tlitn lo find J B i> we have 




AB — AD^ IfifiM 


a.aa230u 


5 (JDC + J BD) = 89''4,V u 


in, 2.360 leC 




4.582480 


AIl + AD^ 173S.1G 


3.23883r 


J (.4 a - vl B /";> = 87= 2+' 17" li 


m. 1.343041 


,--^i «il = 2° 20' 43" 




N«xt, to find B B, 




AD= 733.16 


3.893843 


Z) A B = 30' E 


in. 7.94084a 




0.334691 


.iBZ^^a^ao'w" E 


in, 8.611948 


BO = 167.01 


2.322748 


B — ABD= CB7 = 4''SD'17" e 


in, 8.909292 


2 (fi' - fi) = 2058.03 


3.313451 


.-.ff — fi = l029.01 




.■.fl'=-3000 + 1029.01 =4029.01 





To find the central angle of each branch, we have Cf B = 2 CBi 
= 9° 18' 34", which is the central angle of the second branch ; and 
AEC=ABD— CED = A+B — 2CBI^ 5° 41' 26", which 
is the ccntm! angle of the first branch. 

45. Problem. Given (Jig. l\) Ihe tangenls A I = T,BI= T; 
the angle of intersection — 1, and the first radius AE — R, to find iht 
tfcandmdiusBF^ R'. 

S/ilvlion. Suppose the first cnrve to be ran with Ihe given radluj 
from .4 to D, where iis tangent D O becomes parallel to Bi. Thronph 
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D draw DP parallel lo ^ /, and we have IP ^D0 = A0 = 
Rtan. J/fi *). Then in the irLangle i>PB we have Z)P - JO = 
Al—AO^T~Rt&n.\I,BP=^BI — IP^T' — Ria.n.\I, 
find the included angle D P B = AIB ^lia" — 1. Find in tkis tri- 
angle the angle CBl,andtke side ED. The remainder of (he sdutum 
is the same as iri } 4*. The determinalion of the point D in the field 
ia also the same, the angle I A D being here = J /, When B is 
greater than A, that is, when the grenler radius is given, the solution ia 
iJie same, except that HP = R lan. J /— T, and BP = R tan. J i 



Example. Given 7" = 447 32, T' = 510.S4, /== IB", and fi = 3000, 
to fiudfi'. Hero fi tan. i /= 3000 tan. 7^= = 394.96, OP = «7.1B 
— 394.96 -= 52.36, BP = 510.84 — 394.96 = 115.88. and ZlPiJ — 
180= — IS" — 165°. Then (Tab. X. 14 and 12) 

BP- DP = 63.52 1.802910 

\(BDP+PBD) = 7=" 30' tan. 9.119*29 



i(SZ)P — PBO) = 2='50'44" tan.86964l0 
.■.PBD= CB / = ■»'= 39' 16" 
Next, to find B D, 



DP ^52.S6 


1.719000 


DPB = 15° 


Ein. 9.41299e 




1.13199G 


PBD = 4° 39' 16" 


sin. 8.909266 



BD~ 167.005 2.222730 

llie tangents in this example were calculated from the example ia 
t 44. The values of CBI and B D here found differ slightly from 
those obtained before. In general, the triangle DBF is of bctlet 
font! for accurate calculation than the triangle ADB 

46. If no circumstance determines cither of the radii, the condition 
may be introduced, that the common tangent shall be parallel to the 
line joining the tangent points. 

Problem. Given Oie line AU ^ a {fig. 12), jchkh unites the 
fixed tangent points A and B, the angte lAB^A, and lite angle 
ABI^ B.to find the radh A F. = R and BF = If of a cBm/^md 
rur™, hai-ing the eo,n,n<m tangent /> G paraM to A B. 

f.OOglc 




MiglBsAandB; for the angle Z> d C = i 7Z) ff = J / J B, and t]iB 
angle GBC=iDGI^^Al)I. Then in ihe triangle A GB wn 
have AC:AB^ sin. ABC: sin. ^CB. But ACB^ 180" — 
(C^B+CB/l) = 180°~H^ + B). andaslhesmeof the Eup- 
plement of an angle is the Game as tlie sine of the angle itself, 
Bin. AGB = sin, J (-4 + B). Therefore AC:a = sin. J B : sin. 
i (J + B), or J (7 = riii°)M*rB l ■ ^" " s"™"!'"' manner we should 
And B C = ^:^rT'B) ■ ^°* '"" "^^^ » ^^) ^ = ' AaiA ' *"<* 



S* " • ^ . g , or, substituting the values of A (7 and B C just ft 
n.iBsii 



ind. 



sin. i A sin. i (A + B) ' sin. J B sin. J ( J + BJ ' 

nfa. Given o = 950, J = S=, and S = 7°, lo find R laiilff 
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i ^ = 4= sin. 8.843585 

i (A +B) = 7° 30' sin. 9.115698 



It ~ 3184,83 3.503088 

Transposing lliese same logarilhms according to the formula for R 






J B = 3" 30' 



R' = 4158.31 3.618906 

47, Problem. Gi'xn the tine 4 B = o (fig. 12), leMck unite* Hu 
,fix«d tangent points A and B, and the tangents A I ^ T and BI ^ T', 
lojiitd the tangents AD = x and B G '^ y of the two brandies of a com- 
pound carve, having its common tangent D (J paraiki to A B. 

Soliition. Since D V = A D = x, nad CG = B G =■ y, w« have 
DG = x + g. Then the similar triangles IDG and lAB give 
ID: I A ^ DG : A B, or T— X : T = x + g -.a. Therefore 
aT — ax = Tx + Tg (l). Also A D : A l ^ B G : B I, Of 
x: T = g:T'. Therefore Ty = T'x (2). Substituting in (1) the 
value of Tg in (2), we hava aT—ax='Tx + T'x,oiax-\-Tx + 
T'x = aT; 



n poinla D and G and (he eommon tangent point C 
low easily obtained on the groniid, and the radii maj be found by 
usual methods. Or, if the angles IAB^Aii.adABI=B 



hftye been measured oi' caleulalcd, wo have (§ 5) R = i eot, ^ A, and 
ff " J cot J B. Snhstimling the vKluee of x and j found nkove, wi; 

have H = „_i_ 1-Xr i > ""i^ '^' "=" 






a + T+T'- 



find X 



Emmple. Given o = 600, T = 250, a 
Here o + r + T' - 500 + 250 + 290 
250 -=■■ 1040 = 120.19, and ^ = 500 X 2 

48. Problem. Given t!,s tangents AI ^ T, Bl =T', and the 
01^ o/ iiaersection J, to unite lAe tangent painta A and B (Jig. 13) by a 
compoamt evrve, on condition that the tmo branches shall have their ai^/ei, 
^vAenettim I D O and I G D equal. 




t>«culvm. tiinee 1 D G = 1 GD = ^ I,vf, h«ve I D = J G. Rep- 
resent the line 111 = IGbyx. Then if the peqiendicnlar Jff he let 



Mlfrom;, we have (Tab. X. II) Dff = /D cos ./ilf.'- I cos M. 
•ndZ<G = 2j:cos. ^/. -ButVa^DC+CQ^AD + BG^ 
T — X + J'' — I = T + T' — 2x. Thorcfori! 2 i cos. ^ i = 
T+T' — 2i, or2j- + 2i coa. J / -- I' + T' ; whenne r = 
f^^^^,or(Tah, X. 25) 

The tangents 4 D = 7"— j- nnd 2J (? = T ' — r are now rcadilj 
found. With thpBO and the known nnglcs of intersection, the radii ot 
deflection angles maybe found (§ SorJ 11). This method answers 
very well, when the given tangents arc nearly equal ; but in general 
the preceding method is preferable. 

Example. Given T=-49(), T'^ 500, and /=-= 18°, to find r. HerB 
4(7'+ T') = 215 2.3S9168 

4 7=4° 30' 2 cos. 9.997318 

X = 246.52 2.391848 

Then ^ D = 480 — 246.52 = 233.48, and B G = 500 — 246.52 = 
253.43. The angle of intersection for both branches of the curve being 
9°, we find the riiflii AE = 233.43 cot. 4= 30' = 2PG6.C5, and B F -^ 
253,48 cot. 4° 30' = 3220,77. 

Article III. — Tobnoitts akd Crossisob. 
49. Thg usual mode of turning off from a main track is by switch- 
ing a pair of rails in the main tracli, and putting in a turnout curva 
langent to the switched rails, with a frog plaeed where the outer r^I 
of the turnout crosses the rail of the main track. A B (fig. 14) repre- 
sents one of the rails of the ma\rt track switched, B ^represents the 
outer rail of (he turnout curve, tangent to A B, and F shows the posi- 
tion of the frog. The switch angle, denoted by S, is the angle DAB, 
tbrnied by the switched rail A B with A D, its former position in the 
main track. The frog angle, denoted liy F, is the angle G FM made 
hy the crossing rails, the direction of llie turnout rail at F being the 
tangent F M at that point. In the problems of this article the gaoge 
of the track D C, denoted by g, and iJie distance D B, denoted by d, 
<tre supposed to be known. The switch angle i^is also supposed io 
be known, since its sine (Tab, X.1) is equni to rf divided by the lenijtii 
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A. Turnout froia Straight Lines. 
SO. Problem. Given the radius R of the centre line of a tt 
(Jig. 14), (0 Jiad the frog angle G FM = F and the chord B F. 




SoluliiM. Throngh the centre E draw E K parallel U> the n: n, 
tr«ck. Draw BH and FK perpendicnlar to E K, and join h F. 
Then, since E Fis perpendicular to FM and FK\s perpendicular to 
Fff, the angle £;Fff= GFM^F; and sinee E B and fi // are 
respectively perpendicular to .iBand AD, the angle E B H— D AB 
= S. Now the triangle £FS"^vea i.Tai>.X.2) vos. E F K= |'f • 
But E F, the radius of the outer rail, is equal to R + ^g, and 
FK^GH=BH—BC=BE cos.EBH^ BC= Ji-V^g) 
COS. S — (g — d). Substituting these values, we liave coa. E FK --= 
iE^.ig)f».s -jg-d) 

H + ig ' '"^ 

B^ coa. f= COS. 5-/11^ . 

H + ig 

From this formula i^'may be founil by iJie table of natural cosines 
To adapt it to calculation by logarithms, we may consider g — d to he 
iqual to (? — ilj COS. S, which will lead to no material error, since 
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g — dis very imall, and cos. S almost equal to unity The value of 
1:0s. F then becomes 

fl + is- 

To find BF, the right triangle B CF gives (Tab. X. 9) C F = 
ilESTc- But iJC = jr — ti and ths angle BFC = BFB 
CP£ = (90° — J C£/') — (90= — F) =F— ^BEF. But 
DEF == BLF — EBL ^ F~S. Therefore BFC ^ F — 
i (.F—S) = ^ {/■+ 6'). Substituting thi^se values in fte formala 
for B F, v/<i have 



s headed fand B/'in Table V 

Exampk. Given 17 = 4.7, d ^ .42, 6' = 1° £0', and fi = 500, » 
find J" and BF. Here na(, cos, S = ,999729, p — d = 4.28, B + Js 
= 502.35, and 4.28 -;- 602.35 = .008520. Therefore nat. cos. F = 
.999729 — .003620 = .991209, which gives f= 7" 36' 10". Next, 10 
find UF, 

g — d^ 4.28 0,631444 

I (F+ S) = 4' 28' 5" sin, 8.891555 

BF-^ 54.94 1.739889 

11. Problem. GIvm the frog angle GFM = F ifig. 14), to 
find the rmlms R of Ike centre line of a iarnoat, and the chord B F. 
SHtdion. From the preceding solution we have eos. F = 

~~ K + fs~'^^'*' - ''"''«'■«''"'>'■« (fi + i?) eos, F= (R + J3> 
coa.fi- (3 -J), or 

^ ^ + ^g- cos.fi-L.f 

For calculation by logarithms this becomes {Tab. X. 29) 

^ ^^^ sin.H^+&>in-i(f-S) 

Having thus found fi + ^ 3, we find R by subtracting J p. BF it 
found, as in the preceding problem, by the formula. 



BF^-- g-" . ... 

sin.HF+S) 

lL--ML,C.OOJ^IC 



CIRCUL. 


&R CUKVUS. 




Iff = 4.7,rf = 


.A2,S = 


F20' 


', and F 




^2.H 

= 4° 10' 
= 20 50" 


sin-e 


1.693998 


.-.R ■- 


- 595.85 
= 593.5 







52. Problenii To find mecAanically Ihe proper posilion of a jiVct 
frog. 

Sotiition. Denote tlie lenglh of the switch rail by /, tho length of the 
frog hy f, and its width hy w. From B as a tentre with a radius 
BH= 2/, ciestribo on (he ground an arc G H K (Sg. 15), and from 
the in.iide of the rail at G measure G ff = 2 rf, and from i/ measure 
«A: such that HK:BH=^ iw:/,OT H K:2i = ^ w.f; that is, 
HK^ -f . Then astraigtit tine throtigh B nud the point K nilt 
ttiika tho ioEide of Che other nul at F, the place for the point of tin 




iTOg. Tor the angle HB K has been made equal to i /', and if B M 
be drawn parallel to the main track, the angle M li H is seen to he 
equal- to J S. Therefore, MBK^BFC = li {F -^ S), ani. this 
was shown (4 50) to be the true value of B/'C, 

53. If the turnout is to reverse, and become parallel to llie main 
track, the problems on reversed curves already given will in [;^nera! 
be suffident. Thus, if the (angenl points of the required curve are 
fixed, the common radius may be found by } 40. If the tangent point 
at the switch is fixed, and the common radius given, the reversing 
oint and the other tangent point may be found by tj 37, tlie change 
)f direction of the two tangents being here equal to S. Bat when tho 
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frog angle is given, or determined from a given first radias, and the 
point of tlio frog is talECn as tbe reversing point, Che radius of the eec- 
ond portion may be found by tbe following method. 

54. Problem. Given Ihe frog angU Fand ike distance H B = b 
{fig. 16) beifoeen the main Irachanda (urnoiit, to find the rodim R' of ike 
se:-07i4 branch of Ihe turnout, the reversing point being laien opposite F, the 

liiiiid eif Ike frog. 




Solution. I*t the arc FB be the inner rail of the second branch, 
FG = li' — ^g in la^ias, and S the tangent point where Iho tumoat 
becomes parallel to the main track. Now eince the tangent FK is one 
side of thefrt^ prodnecd, the angle HFK= F, and since the angle 
ofintersection at Kis also equal to F, BFK= iF(i3,U.)i whence 
BFH ^ iF. Then » 68) Fff = ^^^^^ ■ or K' — Jj = 
^^. BntBf'=-^4s(TaKX.9),oriBF=Uly. Snb 
stitnling this value of ^Bf, we have 



e observed, that Out 
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-.R' = 6. 



B. Qrmsings on Straight Lina. 
9S. When a turnoat enters a parallel main truck by a Bccond switch 
it becomes a crossing. As the switch angle is the same on bocli Cracks 
a crossing on a straight line is a reTOrsed curve between parallel tan 
gents. Let HDnndNK{fig. 17) be the centre lines of two paralk. 
tncks, and HA and B ff the direction of the switched rails. If now 
(he laagent points A and B are fixed, the distance AD = a may be 
measured, and also the perpendicplar distance B P = b between llie 
tangents HP and B K. Then the common radius of the crossing 
A CBmajbefoandbji 33; or if (he radius of ono part of the cross- 
ing is fixed, the second radius may t>e found b; { 34. But if both frog 
angles are given, we have the two radii or the common railius of a 
crossing given, and it will then be necessary to determine the distance 
A B between the two tangent points. 

56. Problem. Given tU}JtrpendicalaT distance GN-^h{fg.\l) 
htiaeai the centre lines of two parallel tracks, and the radii E C ~ R avd 
CF ^ R'o/a crossing, to jjnrf the chords ACf^ndB C. 

Sdution. Draw E G perpendicular to the main track, and A h 
CM, and B U parallel lo it. Denote the angle A E C ly E. Then, 
since the angle AEL ^ AHG = S, \ss hare CEL ^ E + S, 
and in the right triangle OEM (Tab. X. 2), CE cos. CE3t = 
flcos. (E + S) = EM=EL — LM. Bat EL = AE i^os. AEL 
^ R COS. S,<miLM:L'M = AC:BC. Now AC: BC = 
EC:CF^ R:R'. Therefore, ZM; L'jl/ = R : R'.or L M : LM 
+ L'M=R:R + R';thaiis.LM:h~2d = R:n-\-R\ whence 
l,M= - ^ ^ jf - ■ Substituting these values of fit and LMin the 
equation for R coa. (B + S), we have R cos. (E + S). = if cos. S — 



isiodb, Google 
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Having thus found E + S,via baye the angle E and also its eqiial 
CFB. Then (} 69) 




Example. Given d == .42, p ^ 4.7, S =- 1° 20', i = 1 1 , and the an- 
gles of the two froga each 7", to Rad A C ^ B C = ^A B. The 
common radius li, corresponding to F = 7", is found (^ 51) to be 
693.5, Then 2R = 1187, b — 2 d = 10.16, and 10,16 -^ 1187 = 
.00356, Therefore, nal, COS. (,E + S) = .99973 — ,00856 = ,99117 [ 
whence E + S = 7°37' 15". Subtracting S, we have E = 6* 17' 15" 
Next 

211 = 1187 3,074451 

^E = 3°S'S7^" sin, 8,739106 
AC = 65,1 ! 813557 



47. Problem. Giiwn (Se radius R of tlie centre line of the mur 
track and the frog angle F, to determine the position of the frog by aieatu 
ofthecJiord BF(Jigs. \S and jg), and to Jind tie radius R' of the cen 




Solution, I. WheQ the turnout is from the iaaide of the currc 
(fig. 18). J^t A O and CF be the rails of the mairi tratk, A B the 
iwifch raii, and the ArcBF the enter rail ot the turnout, crossing the 
inside rati of the main traek ac F. Then, sinee the angle £ f^bas its 
sides perpendicular lo the tangenls of the two curves at F, it is equal to 
(he acme angle made by the crossing rails, that is, E FK = F. Also 
EBL = & The first step is M find the angle BKF denoted bg K. 
To find this angle, we have in the irinngleB FA' {Tab. X.U),JSfi: + 
KF:BK-KF^ tan. J {BFK+ FBK):tan.^{BFK- FBK). 
BatBK = R + ig^d,RnAKF^ R — ^g. Therefore, BK + 
KF^2R — d. and BK — KF=g-d. Moreover, BFK^ 
BFE + EFK = BFE + F, and FBK=EBF — EBK = 
BFE — S. Therefore, BFff— FBK- F+ 5- Lastly, BFiE 
+ FBK = ISO" — K- Substituting these values in the preeefling 
..roportion. webava2K — dij — (f = tan.<90'' — JK):lan. i(r+S), 
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■rt>n.(30°-ig)=' ^"'"^'^'^,j'^+'" . Bnttan.(90°-Jje) 

r»- ■ tan i ft"— y — *^ 

Next, to find the chord B F, we have, in the tiiangle BFC 
(Tab, X. 12), B F -= -^n^Bp c^ ■ Bat B (?=• 3 — J, and S Ci^ = 
180=- 7'' CS: = 180=— (90O- JK) = 90O + iZ,or ein. BCF 
= pos4fir. Monoyer, BFC= HF+S)i for BFK= KFG 
-\-BFV,a'!,iFDKi=KOF—BFC=KFC — BFO. There- 
fore, BFK- FBK= SBFC. But, a9 shoivn above, BFfi: — 
FB ir= F + S. Therefore, 2 B F C = F + S, or B FC = J (F+ S). 
Substituting these values in the expression for B F, we have 

^ »A.^ (g-tf)cos.^ g 

siu.^(F+i-) 

Lastly, to find /£', «.e have (i ti8) fl' + ij = £F = aia^jgjy 
But B£F = BLF — EBL. and BLF = LFK+ LKF-m 
F+K. Therefore, BBF= F + K—S, and 

II. When the turnout is from the outside of the curve, the preceding 
solution requires a few modification a. In the present cnae, the angle 
EFK' = F(fig. 19) and E B L = S. To find K, we have in iha 
triangle BFK, KF + BK: KF— BK^ Ian. J (FBK + 
BFK):tiin.HFBK~ BFK). But ffF= fl + ^5, and BX 
= R-ig + d. Therefore, ffF + BX=2B + rf, and ff F — 
BK ^ g ~ d. Moreover, FBK = 180" — FBL = 180= — 
(EBF— EBL) = 180=— {E DF ~S). anil BFK = 180= — 
BFA"' = 180' — {BFE + £FA'0 = 180° - {EBF + F). 
Therefore, FBK—BFK=F+S. Lastly, FBK + BFK = 
180 ' — A". Substituting these values in ihe preceding proportion, vr« 
have 2 Z; + (/ i 3 — i = tan. (90° — ^K) : fan. J (F + S), M 
tan. (90- - ^ A-) = (^-^±-il^lSE±^ _ B„, ,,„_ (9„„ - i ff ) - 
~'i^=t»n\K; 

.uoglc 



Next to find D F, wa have, in the triangle B r< 3 1' - 
"m^I^bf^ ■ Bat BC =■ g — d, and BCF = ^If AA, « 




On-BCF^cos-^K. Moreover, CFC= ^ (/■+ S); for B FA 
=--KFC—BFC,aB<[ FB K= KCF+ BFC = KFC + BF C. 
Therefore, FB K— BFK = 2BFa But, as shown above, FBK— 
BFK^- F+ S. Therefore, 2 BFC= F + S,orBFC= ^ {F+ 5> 
Substituting these valnes in the expression for BF,via have, as before, 

^u-HF+S) 
lastly, to find R',vie have (^ S8) R' + i ij =--- E F ^ ^^Jg^ 

* Sinca J i[ Is gfloerally very jmall, aDapprosimate v^UiOf SFmajbeoblalued 
tj maUngiM. 1 K = l. This ^ves Ef = — -^-~ - , which [9 iJcnlkal 
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Sil 


n.J(F — X 


^TS)- 




Eiaaipte. Given g = 4.7, d = 


= .42, S = !■ 


° 20', .R = 4 


583,75, and 


F'=T',\o find the chord H F a 


nd the rRdius 


.R'ofatumc 


mt from iho 


nidiU of the curve, Hprc 








3-rf = 4.28 




0.831444 


0.e31444 


SB + «; = 9167.02 


3.962271 






i(F+S) = 4°10' lar 


1. 8.862433 




ill. 8,361283 






2.824704 


1.770161 


JK=22'1,8" 


t«, 


1. 7.806740 cc 


la. 9.999991 


BF= 58,905 




301030 


1.770152 


i(P~ir— A') = a=27'58.2" 


£11 


1. S.633766 










8.93479S 


i!' + iy = 634.47 






2.835356 



58. Problciu. To JitidmecliamcaUgiht proper potitiim of <i gioea 
frog. 

Solution. The method here is similar to that alrendj- given, when 
ihe turnout is from a straight line (4 52). Draw B M {figs, 18 and 19) 
parallel lo FC, and we have FB M = B F C = HF + Sj,as jaet 
shown (4 57). This angle is to be laid off from BM; hat mFis the 
[loint to be found, the chord P C can be only estimaied at lirst, and 
B M laken parallel to it, from which the angle J- (F+ S) may be 
laid off by tiie method of 5 52- I" this case, however, the first meas- 
ureon the aro is J, and not 2rf, since we have hero to start from SM, 
and not from the rail. Having thus determined the point F approxi- 
mately, B M may be laid off more accurately, and F found anew. 

69. When frogs are cast to be kept on iiand, it is desirable lo have 
them of eneh a pattern that they will fall at the beginning or end of a 
certain rail; that is, the chord BF is known, and the anglo P ia re- 
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Frohlem. Given the position of a frog by means of Iktchonl BP 
{,fiyt. 14, IS, and 19), to delersiine the frog angle F. 



a.\{F+S)' 



Sotation. The formula i 
tlralghl lines (} 50), and near enough on orrilnary carves {^ 57, notfi), 
gives 

By this formula ^ (>' + 5) may be found, and consequently F. 

60 Problem. Ginen the radius H of the centre line of the maia 
track, and the ladivs li' of the centre line of a turnout, to find the frog 
anyle F, and the chord B F (fgs. 18 aiui 19). 

Solution. I When the tnrnont is from the inside of the eutre 
(fig. 18). In the triangle BE KJind the angle BEK and the side EK. 
For this pui-pose we h«ve B£ = ff + Jp, BK - K + i 5 ~ d, and 
Ihe inclodeii angle EBK= S. Then in the triangle E FK we have 
, and FK = R—ig. The frog 
e found bj formula 15, Tab X., 



£ £,08 Just found, i 


iF'= I 


i' + i 


»ne]eEFK- 


^F;, 


laj, thei 




which givea 


ta, 


n.JF- 




^• 


■Nf^ 


where 3 is the half si 


am of the Hire 


the remaining 1 


^ides. 






F\nd also in 


the t 


nanofe 


F.FK 


angle BE F = 


= BEK - . 


FEK 


have H 69) 









sides, a the side E K, and b and t 

•he angle FEK, and ae have the 
Then in the triangle B E F vn 

er BF= 2 {R' + ig) dn.^BEF.' 

II. When the tnrnont is from the oalside of llie curve (fig. 19). In 
Ihe triangle BEK _find the angle B E K and the side E K. For this 
parpoBO we have B E = if ' + ^ 3, B K" = R — J ff + </, and the in- 
cluded angle EBK = 180= — S. Then in the triangle E FK w 
have E K, as just found, EF= R' + ^g,aai FK = R + ^g. The 
angle E FK may, therefore, bo fonnd by formula 15, Tab. X., which 

gives tan ^EFK^ V ^(l'- ^" ■ ^"^ ""^ ""s'^ ^ ^^' = ^ 
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- IStf" — E FK. Therefore J F = 90= — i E FK, and cot J J' - 
Uia.^EFK; 

^ ...„..if, V7|."i'.7" . 

where 3 is the half sum of the three sides, a the side E K, and h and c 
the remaining sides. 

Find also in the triangle EFKthe angle FE K, and ate have the atigU 
BEF^ FE K — BE K. Then in the triangle BE F vis have (^ 69) 

t^ BJ5-=2{H' + ^!7)3in,iB£/'. 

Eiaraj^. Given j = 4.7, >i = 42, S = 1° 20', R = 4583.75, and 
;£' = 682.12, tolindFandlheehordCFofatnrnoutfrom theouiiwii 
of the curro. Hero in the triangle B EK {fig. 19] we have BE = 
R' + i ff = 684.47, BK = R — ^g + d = 458I.S2, and the angle! 
BBK-i- BKE = 8=1" 20'. Then 

BK^BE = 3897^5 3.590769 

i(BEK+BKE] =40' tan. 8 .065806 

1.656575 
BK+BE = 5266.29 3.721505 

i {BEK—BKE}' = 2D.6029' tan. 7.935070 
.■.BEK= 1° 9.6029' 
EJC is now found by the formnla EK= -~^^^ek" ' "' ^og-ER 
= log. 4581.82 + log sin. 178" 40' — log. sin. !° 9 6029' = 3.721491, 
whenceEfi:= 5266.12. 

Than to find F, we have, in the irisngle EFK, s = ^ (5266.12 + 
684.47 + 4586.10) ^ 5368.34, « — o = 2.32, s — 6 = 4.'i83.87, and 
( - c = 682.24. 

t — b^ 4583.87 3 661233 



a = 5268.34 3.721674 
» — o = 2.22 0.34635B 

^68027 

2 )2.427 143 

^F= 3° at' col. 1,213571 

.■.F= r 
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To find FEK, we have s as before, bni as a is here the side FR 
opposite the (ingle songht, we hare s — o = 682.24, s — 6 = 4583,87, 
and 3 — e = 2,22. Then by means of the logarithms just used, we 
findiF£K: = 3='2'45". Subtracting ^BEK= 34' 48", wc have 
JBE/'= 20 2?' 57". Lastly, BF = 1368 94 sin, 2" 27' 57" = 
58.897. 

The formula BF=^^jp-j^^ (5 57, note] would give BF = 
S8.306, and this value is even nearer the truth than that just found, 
owing, however, to no error in the formula;, but to inaccuracies inei 
dent to llie calculation. 

Gl. IT the turnout is lo reverse, in order to join a track parallel to 
the main Irai-k, as A CB (Itg. 20|, it will be nc<^SEary lo dctennitie 
the reversing points Cand B. These jjoints will be determined, i1 »ie 
find IhB angles J y; C and BI-'C, and Hie chords ACaui CB. 

62 Problem. Gimn the radius DK= R{Jig 20) of the centre 
line of Ihe maia tiack, the common radius E C = OF = R' of the cmtre 
line of a (urnwrf, and the distance B G = b bdiceen the centre lines of the 
fon^id trackt, to find the central anglei AE Cond BFCand the chorda 
AOondBC. 




In the triangle A E K find the angle A EK a. 
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£ K For this pm-pose wo have AE ^ E', A K = li ~ d, and tlie 
inclndeiJ angle E AK = S. Or, if the frog angle ha? been previouslj 
calculftted by} 60, ihe values of AE Kanii E Ksm alreaJy knovra.' 
/-Viirf ™ ike triangle EFKthe angles E FK and FE K For this 
purpose we have E K, as jast found, £/■■= Hi', and FK= fl + 
R' — b. Then AE C = AEK — FEK,a«d BFC =^ EFK. 
Usll}', (5 69) 

tW AC=21i's\.n^AEV\ li == 2 li' ^in. i B F C. 

Tliii solution, with a few obvious modifications, will apply, when 



"D. Crossings on Curves. 

63. When a turnoat enters a parallel main track by n scronil switch, 
■t becomes a crossing. Then if the tangent points A and II (fi;;- 21) 
are fixed, the distance A B inusl lie measured, and also the angles 
which A B niahes n'ilh llic tangenu: at A and B. The common ra- 
dius of the crossing may then be fonnd by S 40; or if one radius of tlie 
crossing is given, the other may be found by Ij 38. But if one tangent 
point A is fixed, and iho fommoti radius of the crossing is given, it 
will be necessary lo determine (he reversing point f and (lie langent 
point B. These points will be dBtermined, if we find the angles AEC 
and B,f'C, and the chords AC and CB. 

64. Problem. Given ihe radius D K -= R (fy. 21 ) of the cenlit 
ti.,e of Ihe main track, the conmon radius EC^ CF== W of the centre 
line of a crossing, and the diilance D G =^ b betuxea Ihe centre Hues o/tJie 
parallel (rants, lo find the central angles AE C and BFC and iJte cliordt 
A Cand CB. 

Solution. In the triai\gh AEKfind the angle A E K and the side 
E K. For ihia parpose we have AE ^ R', AK = R ~ d,an3L the 
included angle EAK = S. 

Find in tlie trianf/k B F K tJie angUBFKand the sideFK. For 
thispnrposewehaveBi=' = ff,Bff=iJ — 6 + rf, and the included 
8nglefB.S:=180° — 5. 

Find in the triangle EFKthe angles FEK and EFK. For this 
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purpose we have £Ji:and/'s: as just found, and £/*== S R'. Ther 
AEC^AEK—FEK, and BFC ^ EFK— BFK. Lasily 



JC=2B'sin.|^£e: 




B IV. — MiSCELI.A! 

Given AB^ii \ 
^cfacurvcth 



t shall p 



tangent point A ■ 

Soluiim. Lei be the centre of the cnrve and d aw th ad i J 
and G and the line CD parallel to A B. Tlien in the right triangle 
COD we have 6"= CD' + OV. But OC=R, CD = a, and 
OD^AO — AD^R-b. Therefore, K^ = a' + [fi — i)' = 
a« + K' — 2 .R5 + J«, or a fi 6 = a' + J' ; 



■.R = i: 



+ 46. 



Example. Given a & 201 and b ~ 24, (0 find R. Here R — 
t^li + ^ = fi67 + 12 = 879. 
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66. Corollary !• if li and b are given to And AB = a, IbM 

!«, to delermine ihe taneent point from which a cnrve of ^ven radins 




, we have (^ 6S) afift = 



ExampU. Given 6 = 24 and 11 = % 



1 £nd a 






Ji\ (1758 - 24i = y <I616 = 204. 

67. Corollar}' 2. If R and a are ^vcn, and h is required, v 
have (5 65) 2 R 6 = a' + i', or 6' — 2 R 6 = — a*. Solving th 
eqaalion, we find for Ihe value oft here required, 



B" 



6 = R — yB" - 



68. Problem. Gimn Ihe dhloace AC ^c [Jig. 22) and the an- 
i^BAC^A,to Jind the radius E or defiedioa angle D of a caree, that 
ihatlpasi Ihrough Cand the tangent point A. 

Solution. Draw E perpendicular to A C. Then the angle AOE 
= }lA0C=BAC=:A{','2, III.), and the right triangle J 0£ givee 
{Tah. X. 9) .4 = ^^TTb! 



To find D, we have (? 9) sin- D = 7 
iuBt found, we have sin. D = r.O -H- ^* 



stitating for R iCa valoa 



48 ciRcuLAK cuavjiS. 

Example. Given c = 285,4 and A = 5=, to find It and />. Here 

Ori>= 1=451. 

69. Problem. Given the radios R or the defleclioa uiigle D of a 
aine. and the angk BAC = A [Jig. 22), made bn anj cAwrf kUIi iht 
tangent at A, to find llie temjlh of the chord A C = c. 

SolHfion. If iJ is given, we have ({ 68) /; = -M-^ ; 

m" .■.c = 2Rsin.A. 

If D is given, we liave (^ 68) sin. D .- ^""J^ ; 

_, ,_ 100 dn, A 

^^ " sin.ZJ • 

Tliis formula is useful for finding tho longth of chords, when a cnrve 
is laid out by points two, three, or more stations apart. Thus, suppose 
that the curve A Cis fonr atations long, Bud that we wisli to find the 
length of the eliord A G. In this case the angle ^ = 4 D and e = 
*-5^^^— . By this method Table II. is calculated. 

Example. Given R = 2465.7 or » = I'' 10', and A = i° 40', to 
find c. Here, by the first formula, c = 4911.4 sin. 4° 40' = 399.59. 
Bj ihc second formula, c = 1^ " °^ ly " = S93.59. 

70. FroMem. Given Uie angle of intersection KCB = / [fig. 23), 
and the distance CD--^b from the intersection point to the cun:e in lite 
direction of the centre, to find the tangent A = T, and the radius A 

Solidion. In the triangle J D C wo have sin. CA D ■ sin. A D C =^ 
CD -.AC. But CAD = ^AOD = ir [^ ±111. and VI.), and as 
the sine of an angle is the same as the sine of its supplement, 
sin. ^Z>C= sin. ADE=^a>s. DAE = cos. i/. Moreover, CD 
= 5 and A C =: T. Substituting these values in the preceding pro- 



(Tab. X. 33) 



e have sin. l/;co3. i/ = *; T, or T = -^-^^ ; wlii 
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To find R, we liave (} 5) fi = T col. J /. Sabstitaling for T it 
7alue jusl found, we have 




taample. Given / = 30°, b = 130, W find 2' and K Here 

6 = 130 2.113943 

i/= ?°30' col. 0.880571 



71. Problem. Givm iJ-e angle of i«te7^lionKC 71 =^ HJiy. S3)., 
and the tangent AC= T, or the radios A0 = R,lo find C D ■= b. 
Solution. If T is given, we have (i 70) T - J cot. i/, or 6 = 

^ .-.6= rtan.^/. 

If n is given, wc liavo (5 70) fi = 6 col, i 7 col. ^I, or b - 



ciLvGoOJ^Ic 



Eiampfc. Given /= 27o, T^ 600 or iS = 2499.1B, to finJ i 
Here b = 600 tan. 6o 45' ^ TIOl, or J -= 2499.18 tan. 6o 45 
Md. 13«30' = 71.01. 

72. PrOlllCin. Givm the angle of inlaseciion I of lit-o liiitgerJi 
A CandBUifis. ii). to find the tangent point A of a curve, that siiaU 
pass throta)h a point E, given b^ CD = a, D E = b,and lite angle CUE 




Mvtioa. Produce DB to the curve at 0, and draw CO to the cen- 
tre 0. Denote DFbi/ c. Tlien in the right triangle CDFwe hare 
(Tab. S. U) DF = CD cos. CDF, or 



Denote Ike distance A D from D to the tangent point by x. Then, by 
Geometrj', ^''^ DE X DG. Bat D G = D F + F G = DF + 
EF= SDF — DE = 2c — 6. Therefore, i' = 6(2c — i), and 



= y5(2c 



-6). 



Having thus found A D, we have tlie tangent AC=AD + DC 
= 1 + 0. Hence, fl or H may be found (^ 5 or j 11). 

If the point E is given by EHand Cfl perpendicular lo each other, 
a and 6 may be found from these lines. For a = CH + DH — 
CB-i-Effcot.iHTah.X.9).anib^DE-. 



EH 



OOgIc 



B. Eeiec 


Given / 


- 20° 16', « = 600, and b = 
Iflog. _590,64, 2c-i- 
82. Then 3' = 600 + 296 
= 5017.82. 


80, M> find 
1101.23, an 
82 = 896.8 


61 

rand 


yso X 110 
R - 896.82 


,28 = 296 
cot. 10" 8' 


and 



73. Problem. Given the tangent A C {Jig. 25), and the chord 
A B, unlti/ig the tangent points A and B, to find the radius A ^ R. 




&(ii(f'on. Measure or catcjdate the perpendicular CD. Then if Cfl 
be produced to the ceiiire O, the right triangles ADC ani CA 0, 
hKTing thn pngle at C common, ato similar, and give CD -. AD ^ 
AC:AO,ov 

_ADX AC 



^ 



R = 



CD 



leasure the chord A B, a line E F, parallel 
to it, may be obtained by laying off from C eqnal distances C£ and 
OF. Then measuring E ff and G C, we have, from the similar tri- 
»ngles£GCand CAO, CG: GE ^AC:AO,or R .=.-^^^~ . 



Examp'e. Given A C = 2i(, a^i AD = 
CD = 54, and R = ^-j^^^ ^ 1093.33. 



) find R. Her* 



Google 
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74. Problem. Oirea the radius AO = B,{fig. 25), to find (ft. 
tangent A C= T of a curee to unite two straight lin^ given on the ground 

Solution. Lay offfiom the mtenixtion Cof the given straight lines any 
equal distances CE and CF. Drav! Ilie pejpendicular CG to the mid- 
dle vf EF, and measure GE and C G. Then tho right Iriangles 
E G C'and CA 0, having tho angle at C common, are similar, and 
five GE:CG = AO:AC,oi: 



tW T^ 



CGx AO 



By this problem and the prefcding one, the radins or tangent ]>oin[s 
ofa curve may be found without an instrument for nieasuiing angles. 

Example. Given !! =-. I093J, G E = 60, anH C C = 18, to find T. 
Here r^i^^^'^*^ 246. 

75. Problem. To fttid tlie unyle of intersection 1 of two slmiijln 
lines, tcAen the point of interiedioa is inaceessiblef and io determine the tan- 
gent points^ mhen the length of the ttmijenls la given. 

Solution. I. To And the angle of intersection I Let ACxaACV 
(fig. 26) be the given lines. Sigid from some point A on one line to a 
point B on the other, and measure the angles CA B and TB V. These 
ingles make up the change of direction in passing from one tangent to 
the other. But the angle of intersection (^ 2) shows the change of di- 
rection between two iRngents, and it muat, therefore, be equal to the 
sum of CA B and TB K, that is, 

l^ I^CAB-\-TBV 

But if obstacles of any kind render it necessary to pass from ^ Cto 
B r by n broken line, as A DE FB,measure Ifie angles CAD, NDE, 
PEF.RFB,andSB I', observing to note time angles as minus which 
are laid off conlron/ to lite general direction if these angles- Thus the 
general direction of the angles in this case is to tiie rigid; but the 
angle PE F lies to the lejl of DE produced, and is therefore to he 
mM-ked minus. The angles to he measured show the successive changes 
of direction in passing from one tangent 10 the other. Thus C A D 
ihows the change of direction between tho first tangent and A D, 
tfDE shows the change between A Z> produced and DE, P E F the 
change between D E produced and E F, R FB the change between 
£F produced and FC, and, lastly, SZi I'tiic change between BF ■pro- 



■-glc 



Miscjir, 



PROBLEMS. 



53 



duced and the st'cond tangenc. But the angle of intersection (f 2) 
shows the change of direclion in passing from one tangent to another, 
and it must, therefore, be equal to iho sum of the partial changes 
measured, that is, 

S= I^CAD + NBE^PEF+RFB + SBV. 




II. To determine the tangent points. This will be done if we find 
the distances A Cand B C; for then any other distances from Cmay 
be found. It is supposed tiiat the distance A B, or the distances A D, 
DE, E F, and FB have been measured. 

If one line A B coanecla A and B, Jtnd ACand BC in ihe trhngk 
ABC. For this purpose we have one side A D and all the angles. 

If a broken lineADEFB connects A and B, /d fall a perpaidicutar 
B G from B upon A C, produced if iiecessary, and find A G and B O 
bg iJie BBual metkod of icorklng a traverse. Thus, i( A C is taken as a 
meridian line, mi D K, E L, and FJtf are drawn parallel to A C, and 
DH,EK, and FL are drawn parallel to B G, the difference of lati. 
tnde ^ ff is equal to the sum of (he partial diffcrenccB of latitude A H, 
DK, EL, and FM, and the departure B G iti equal to the sum of the 
partial departures D H, EK.FL, and B 31. To find these partial 
differences of latitude and departures, we have the distances A D, DE, 
E F, and l' B, and the bearings maj lie obtained from the angles 
alrcadj measured Thus the bearing o(ADh CA D, the bearing of 
DE is KDE = KDN+ NDE^ CAD+ NDE, the bearing 
of EF is LEF ^ LEP— PEF= KDE.- PEF, aai Out 



cglc 



bearing otFB is MFB = MFR + RFB^LEF + R FB; tlisi 
IS, tho beitring of ench lice is equal to the ali/ebi-aic sum of the prcced 
ing bearing and il« own change of direction. The differences of lati- 
[udD and the departures iuK}' now be obtained from a traverse table, 
or more correctly bj the formalie: 
Diff. oflat. = dist. X cos. of bearing ; dep. = dist. X sin. of bearing 

Thus, AH^ADcoi.CAD, and DH^AD sin. GAD. 

Having foand A G and B G, we have, in the riglit triangle B G C, 
(Tab. X. 9) GC ^ BG cot. BOG, and BC= ^ - ^c g ■ ^ui 
BCG= 180° — I Therefore, cot, B C G = — cot. 7, and 
- sin. /. Hence GC= —BG cot. I, and B C ^ ■^- 
sinee A C ^ A G + G 0, we have 



BOO 
Then, 



1^- 



AG=AG- 



BGn 



3C = 



3G 
sin./' 



When /is between 90° and 180°, as in 
and — B G cot. / is, therefore, positive, 
wil! fall on the other side of / ; but the s! 
applj ; for cot / is now positive, and conseiiuentlj', — B G col, / is 
negative, as it HhouM t>e, since, in this case, A C would equal A G mi- 
nut GC. 

Example. Given AD = 1200, DE = 350, E F = SM, FB — 
310, (7^0 = 20° NDE = 4*o, PEF = — 25° RFB ^Sl°, 
and SB V= 30°, to find the angle of intersection /, and the distances 
4 C and B C. 

Here / -. 20° + 44° — 25° + 31° + 30° = 100°. To iiBd A 
and B G, the work ma; be arranged as in the following table : — 



ast 


BfUings, 


Ustaaw. 


», 


K 


44 

—as 

31 


N. 20 E. 
64 
39 

70 


1200 
350 
300 
310 


1127.63 
153,43 
233,14 
106,03 


410.42 
314,58 

291,30 


1620,23 


1205.10 



The first column contains the ohserv. 
the bearings, which are found from ti 



angles, Tho second contain 
angles of the first column, ii 
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[lie manner alreadj explained. A C\$ ponsidered aa running north 
from A, and the bearings are, thenrfbro, marked N. E. The other col- 
umns require no explanation. We find A G ^ 1620.23, and S G = 
1205.10. Then GC = — BG cot 7 = ~ ia05,l X col. lOO" = 
212.49. This valne is positive, because it is the product of two nega- 
tive factors, cot. 100° being the same as —cot- 80°, a negative quanti- 
l_v. Then AC = AG + GC= 1620.23 + 312.49 = 1832.72, and 
B C = ^[^"ijp = 1223.69. Having thus found the distancea of A 
und B from tlje point of intersection, we can easilj fix the tangent 
points for tangents of any given length. 

76. Problem. To lay out a curve, when an obslniction of ang had 
preiKJita the use o/ihe ordinaTy inethods. 




Solution. First Method. Sappose ihe justrnmenl to he placed at 
A (fig. 27), and that a liouse, for instance, covers the station at B, and 
also obEtrncts the view from A to the Stations at D and E. Lay off 
fiom A C, the tangent at A, such a maltiple of the deflection angle D, 
as will be sufficient to make the sight clear the obstruction. In the 
figure it h supposed Yhai 4 Z> is the proper angle. The sight will then 
pass through F, the fourth station from A, and this station will be de- 
termined by measuring from A the length of the chord A F, found by 
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{ 69 or by Table II. Fiora the stalion at F the stations at D and E 
may afterwards be fixed, by laying off tbo proper deflections from tlie 
tangent at F. 

Second Method. This consists in running an ansilinry curve paral 
lei to the trae curve, either inside or oatside of it. For this purpose 
lay off perpendicular lo AC, the tangent at A, a line A A' of any ton 
venieiit length, and from A' a Una A' C parallel ta AC. Then A' C- 
is (he tangent from which the au^tiliary curve A' E' is to be laid off 
The Gtiitions on this curve are made Co correspond to stations of 10(1 
feel on the true curve, that is, a radius throngh B' passes through ZJ, » 
radios through D* passes through Z), &c. The chord A' B' ia, there- 
fore, parallel to .d B, and the angle Cd'B' — CAB; that is, the de- 
flection angle of the auxiliary curve is equal to that of the true eune 
II remains to find the length of the auxiliary chords A' B', B' D', &<: 
Call the distance A A' = b. Then the similar triangles ABO and 
^'B' Ogive AO:A'0^ AB:A'B',orR:R — b= \m : A' B: 
Therefore, ^'B'^^- '"^''' ^ 100 — ^. If the anxiliarr cuivc 
were on the outside of the true curve, we should find in the same wm- 
A' B' = 100 H — p- . It is well to make 5 an aliquot part of I! ; fm 
the ansiliarj chord is then more easily found. Thus, if u is an; 
whole number, and we make i = — , we have A' B' = 100 ± -^- 
= 100 ±™. If, for example, i = j^ , we have n = 100, and ^'B 
= 100 ± I = 101 or 99. When the auxiliary curve has been run, 
the corresponding stations on the true curve arc found, by laying off 
in the proper direction the distances B B', D D', &e., each equal to 

77. Problem. Havinff nm a curse A B [fig. 28), to change lU 
taagetii p/xni ftora AIb C, in each a way tial a cume of ihe some radius 
may strike a given point D. 

Sdulion. Measure the distance B D from the curve to D in a direelwn 
pnrallii to the tangent CE. This direction may he sometimes judgeil 
of by the eye, or found by the compass. A aliU more accurate way is 
to make the angle DBB equal to the intersection angle at A', or to 
twice BAE, the total deflection angle from A to B; or if A can be 
seen from B, the angle DBA may be made eqaal to B d jE. 

Measure on Hie taTigei}t {backward or foncord, as the case may be) a dis 
lance A C ■^ B D, and C >£■/// fK (he nrw tangent point required. For. it 
rS be drawn equal and niimllcl to ^ F, we have F// equal and par 
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ullel to A C, ani therefore equal and parallel to BD. iienceDH = 
BF = AF=- CH, &n.i. Z>fl being eqaal to Cff, acnrve of ladiu 
i7 E from the tangent point C mnst pass through D. 




78. Problem. Having run a curve AB (fig. 29] of raiHus B or 
deJUction angle D, tenninating in a tangent BD,to Jind the radius W or 
d'Jlection angle D' of a curve A C, that shall lerminale I'n a given paraBd 
Uingent C E. 




SolMtioa. Since the radii BFani CGaxc perpendicuUrtothapar- 
allel tangents CEani BH, they are parallel, and the angle J = 
AFB. Therefore,^ CG.the half- supplement of d G C, is equal to 
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.IBF, tliehalf-aupplementof jI FB. Hence ^ B and B C are in ihe 
finme straight lino, and Iho new tangent point Cis the intersection o( 
A B produced with GE. 

Represent A B bg c, and A C = c -\- B Cbrj d. Measaee B C, or, if 
more conoeniea/, ineoaure D C and Jmd B C bi/ ealculalion. To calculate 
B C from D C, we hare BC= g ^^oBc ''^^^- ^- ^)' ""'' '""^ ^"«'^ 
DBC'=ABK^BAK,iU total deflection from ^ to B. Tlicn 
the triangles^FBand^ffCgive JB:AC=BF: Cff, orc:c' 
= R:R'; 

^ .-. R' = f! R. 

To find D', »c Iiave (^ 10) R' = ^^ , and fi = ^^ . Sub- 
Btitntivig these values in the equation for R', wo have ^^ jj, " 



79. Prollleiu. Given (Ae len^rA d/* liu> e?ua^ c/ior Js /I & ani^ B C 
(^. 50), iin(i(Aepei7ioi(ficii(ar CD,to Jindihe radivt R of Ihe ettrv*. 




SUvtion. From 0, the centre of the curve, draw the parpendloular 
OE. Then the similar tiiangles OBE and BCD give BO -.BE 
-.BC-.CD.otR-.^BC^BC^CD. Heiica 
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This problem serves to find the radius of a carve on a track alreadj 
laid. For if from any point C on the curve we measure two equal 
chords A C and B C, and also the perpendicular CD from C npon the 
whole chord A B, we have the data of this problem. 

80, FrobLem. Jb draw a tangent FG (Jiff. 30) lo a given curat 
from a given point F. 

Solution. On any straight tine FA, which cats the curce in tieo points, 
measure FCand FA, the distances to the curve. Then, by Geometry, 

1^- FG = jFCy. FA. 

This length being measured from !■) will give the point G. When 
FGexceeds ihe length of the chain, the direction in which to measare 
it, so that it will just touch the curve, may be found by one or two trials. 

81. Problem. Having fonad the radius AO = H of a curve 
{Jig. 31 ), to substitute for it tvm radii A B =^ R,and D F = R^, the 
longer of whia A E or BE' is to be ased for a certain distance ontyal 
ea!k end of the c 




Motion. Assume the longer radius of aay length which mat/ bt theag^ 
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proper, and Jhd (J 9) ihe oorretponding deJUxtion angk D, . Suppose 
thai each of the enrrea A D B.-nd. B l^ is lOO feet long. Then drawing 
(7 0, we have, in the triangle fO£,OE:^£ = Bin. 07^^: sin. FOfi. 
But the side 0E = J£ — 40 = i!i — fi, F£ = Z)E — /JF- 
R, — ffi.,Ehe angle fO£ = 180° — ^ OC ^ 180" — J 7, and the 
angle OFE^AOF— OEF=^I-'iDt, since E F ^ 2 D, 
(i 7). Substituting these values, and recollecting that sin. (180° — ^ /) 
= Bin. iZ, we havo fl, - iJ : fi, - B, = sin. [J/- 2D,) : sin. i 1 

^ ,_^,-flMini/. 

sin.(J/-3D,) 
^ is then easily found, and tliis will ba the radius Troni D to D', or 
nntii the central angle DFD' = I— 4 D,. 

The object of this problem is lo furnish a method of flallening the 
extremities of a sharp curve. It is not neeessarj that the fii'st curve 
■hould be jtfst 100 feel long ; in a long curve it may be longer, and in 
• short carve shorter. The value of the angle at E will of coiirse 
change with the length of A D, and this angle must take the place of 
2 i>, in the formula. The longer the first curve is made, the shorter 
the second radius will be. It must also be borne in mind, in choosing 
Ihe first radius, that the longer the first radins is taken, the shorter will 
be the second radius. 

Bxamfh. Given R = 1U6.28 and /= 45", to find B,, if fi, is as- 
■amed = 1910.08, and J D and B D> each 100. Here, by Table L, 
D, — 1= 30'. Then 

i / =- 22° 30' sin. 9.582840 

2.465820 

iJ~2D, = 19030' sin. 9.523495 

R, — R, = 875.64 2.942325 

.■. E, = Bi — 875.64 = 1034.44 

82, Problem. To hcale Ihe second branji of a compound or re- 
verted naree from a station on Ihe first branch. 

Solution. Let A B (fig 32) be the first branch of a compound curve, 
■nd D its deflection angle, and let it be required to locate the second 
branch .^S','whose defieetion angle is D\ from some station B 
vaAB. 
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Lttnbe Oie number of stations from A lo B, and n' die number of do- 
tions from A to an^ station D' on the second branch- Represent by Vth6 
angle A B B', to/iich it is necessari/ to lay off from tlie chord B A lo striia 
B'. Let the corresponding angle ^ B* B on the other curve be repre- 




tented liy V. Then we have F-j- K' = 180° — BAB'. But if 
TT' be Ihe common tangent at A we have TAB-i- T' A B' - n D 
+ n'D' = 180° — BAB' 'Iherefore, I + T' = iiZ) + n'iV. 
Next in Ihe triangle A B B' we have sin V< sm V = AB:A&. 
Bot A B : A B' = n : n', nearly, and Bin V am V = ¥• : V, near- 
Ij). Therefore we IiaTe approximately V V = n n', or F' = ^ V. 
Substituting this value of I'^' in the equation tor V-\- V, we have 
V+^V=nD + n>D'. TlKT«rors,n'V+nV=n'{nD + n'D'j,ot 
.,_n 'inD + »'D') 



The same reasoning will apply to reversed curves, the only chan 
being that in this case F-|- F' =^ n Z> ^ n' D'. and consequently 



P__ n'{nD-n-D') 



When in this formula n'D' becomes greater than n D, V becomes 
minus, which signiliea that the angle F ia to be laid o(F above B A in- 
stead of below- 

This problem is particularly useful, when the tangent point of a 
curve is so situated, that the instrument cannot be set oier it. Tb9 
same method is applicable, when the curve A B' starts from a straight 
line ,- for then we may consider AB' as the second branch of a com- 
pound curve, of which the striught line is the tint bi'anch, iiaving its 
radius eqnsl lo infinity, and its deflection angle D = 0. Making 
= 0, the formiibi for F becomes 
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When n and n' are each 1, the formula for Fis in all cases t 
for then the snpposition ihat V : F= n ; u' is strictly aae, sino 
will equal A B'. and Fand V, being angles at the base of an iso 
trianglo, will also be eqnal. Making n and n' equal to 1, we hfl> 







V=i{D + D'). 




When the curve 




from a Gtraight lin 


e, this 


oriflula becomes, bj 


making i) = 0, 




F^iD-. 






Wb have seen 


ihnt 


when n or n' is mo 


re than 


1, the value of T is 




is, however, so ne» 


lh« t 


nth. that when nei- 


therHnorn'cxc 


cib; 


the ci-ivi' in curves 


up to 


6° or 6" varies from 


a fraction of a se 


on<l 


fl less ihan half am 


nute. 


The esacl value of 


V might of .^ou 


■8C t)C 


oblitinert by solvi 


g th« 


Iriangle A B B', in 



vhioh the sides A B and, A B' may he found from Table 11., and the 
included an|;le at A is known. The extent to which these formulie 
may be safely used may bo seen by the following table, whi<h gives 
the approximate values of Ffor seveml different values of n, n', D, 
and D', and also the error in each c;aae. 



CODipoand Cuffes. 


Re.™* C^rve^. 


3 
S 

3 


\ 

3 


\ 


3 
3 


5 24 

4 30 
13 20 

HI 30 


BiTor. 


3 
3 

1 
2 


D. 




». 


y. 


Error, 


22 

29 
18 

24 
54 


t 
f 

7 



i 
3 

t 

6 
5 
3 


2 
3 

6 


; 

3 

6 
5 
3 


fid 

i 

1 43? 

4 

4 
7 30 
6 2S? 


23.5 
8,3 

ILO 
23.5 
513 

62.S 



As the given qnantilicB we here arranged, the approximate talues 
of Fare all too great ; but if the columns n and n' and ihe eolumns D 
and D' were interchanged, and Fcalculated, the approximate values 
of F would be jnst as much too small, the column of errors remaining 
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83. FroMem. To iteasue lAe d sta ce acroat- 
ttmiglit line. 




Salulion. First Method. Lei A B (fig. 33) be the required distance. 
Measure a line A C along the bank, and take the angles BAG and 
A CB. Then in the triangle A B Cwe Iikte one side and two angles 
lo find A B. 

If A Cia of such a length thai an angle ACB = \DA Ccan be 
laid off to a point on the farther side, we have ABC ■=^DAC = 
A CB. Therefore, without calculation, AB = AC. 




rig. 34. 

SkovI Method. Lay off ^ C (fig. 34) perpendiLular to A U. Meas- 
otbA C, and at ClAvaffCD perpcndicuidr to the direction CB, and 
meeting the line of ^ B in D. Measure A D. Then the triangles 
ACD iir\i ABC are similar, and give A D : AC ^ AC : AB. 
Therefore, AB= j^ . 

If from C, detemiincd as befora, the angle A CB' be laid off equal 
to A CB, we have, without calculation, AB = A B>. 

Third Method. Measure a line A D (fig. 35) in an oblique direction 






t a Fro' 






■c E C, end orodncfl 
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nee the triangles A CE and D CF 
,e that DFia parallel to E B. find 




ofDF, and meHSure G D. Then the triangles A 
equal, and G Dis equal to the required distance A B. 

As the object of drawing EF in to obtain a line parallel to .iB, this 
line may be dispensed with, if by any other means a line G/'iie drawn 
through D parallel to jl B. A point G being fonnd on this parallel in 
IhelineoTCB, wehave, as before, GD = AB. 
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CHAPTER U. 

PARABOLIC CURVES. 

Asricui L — LociTiHO Pababolic Curtes. 

Bi. Lbt AEB{lig.36) be a parabola,^ (7 and S C its tangenta, 
uld ^ B the chord nniting the tangent points. Bisect ABin D, and 
oin CD. Then, according to Analytical Geometry, — 




I. CD is a diameter of the parabola, a»d the curve bii 

II. If from any points T, T', T", Sc., on a tangent AF, lines be 
■iiawn to the curve paroUd to die diameter, these lines TM, T'M', 
J "M", &c., called langenl dejlectioas, will be to each other as the 
squares of the distances A T, A T>, A T", &o. from the iaugeni 
point A. 

III. AXmeED (fig. 37), drawn from the middle of a chord .AS lo 
the curve, and parallel to the diameter, may be called the middle ordi 
note of that chord ; and if the sccondaiy chords ..i B and B E be drawn, 
ihc middle ordinatea of these chords, K'Gand LH, are each eqnal to 
iED, In lite manner, if the chords AK,KE, EL,a.Bd LB be 
drawn, their middle ordinat«s will be equal to j AT G or i Z, H 

I P. A tangent to the curve at the extremity of a. middle ordinate, 
is parallel to the chord of that ordinate. Thus MF, tangent to tbo 
curve at E, is parallel to A B. 

.,K,glc 
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s ACanaBCbB bisected in M and r 



the line MF, joimng iho points of Mseclion, will be a 
middle point E being the point of tangency. 



85. Problem. Giirea Ihf. tangents ACandB C, equal oe «neqad 
{Jig. 36,) and tlie chord A B, to lay mil a paraiola In/ tangent defiecliimi- 




SdtdlBn. Bisect ABi'aD, and measure CD anil llie angle A CV ; 
or calculate CD ' and A CD from the ori^nal data. Divide the tan- 
gent A C into any number n of equal parts, and call the dtilcction 
3'jlf for the first point a. Then (\ 84, II.) the deflection for the sec- 
ond point will lie T'M' = i a, for the third point T" it" = 9 a, and 
soon to the nih point or C, where it will be n'a. But the deflection 
at this last point is CE = ^ ^Z> (} 81,1.). Therefore, n' o = C E, 

„ _ CE 



Having thus found a, ne have also the succeeding deflections 4 o, 9 a, 
16 a, &c. Then laying off at T, T', &o. the angles A TM, A T' M', 
&e. each eqaal to A CD, and measuring down the proper deflections, 
just found, the points M, M', &c. of the curve will be determined. 

The curve may he finished by laying off on A Cprodnccd n parts 
eqnal to those on A C, and the proper deflections will be, as before, a 
mulliiilied by the square of the number of parts from j1. But an 
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fa,=ier way generally of finding points beyond £ is to divide the sec- 
ond tangent B Cinra equal parts, nnd proceed as in the ease of -4 U. 
Ifthennniberofpaitson B C be made the same as on 4 C, it is obvi. 
ous lliitt the deflections from both tangents will be of the same length 
for corresponding poima. The angles 10 be laid off from B C must, 
of course, be equal to B CD. 

The points or stations thus found, though corresponding to equal 
distances on the tangents, are not ihcmseWes equidistant. The length 
of the curve is obtained hy actual measurement 

S6. Problem. Given the tangmis A C otu! B C, fqjHil or anequal, 
(jfp, 37,) and the chord A B, to lay oat apar(Ma h) middle ordinaiet. 




Sohaion. Bisect J Bin Z>, draw CD, and its middle point E will 
be a iM>int on tho curve (^ 84, 1.). I>£ is the first middle ordinate, 
and its length may be measured or calculated. To the point E draw 
the chords AE t.aA BE, layofftlie second middle ordinatcs C Kand 
flL, each equal 10 iDE (^ 84, Jil ), and AT and tare points on the 
curve- Dram the chords AK, KE, EL, and LB, and lay ofF third 
middle ordinates, each equal to one fourth the second middle ordi- 
natee, and four additional points on the curve will be delerniineil. 
Continue this process, until a sufficient namber of points in obtained 

S7. Problem. To drnw a tangent to a parabola at an;/ station. 

Solution. I. If the curvo has been laid out by tangent deflections 
(( 85), let M"' [fig. 36) be the station, at which the tangent is to be 
drawn. From the preceding or succeeding station, lay oiF, parallel to 
CD, a distance M" Not EL equal to a, the first tangent deflection 
(^ 85), andiU'"'iVor Af'twill be the required tangent. The same 
Ihing may be done by laying off from the second station a distance 
M'T' -= 4a, or at the third station a distance CP =^^a; for the 
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required tungent will tlien pass through T' or G. It will lie seen, 
atso, thai (he tangent at M"' passes throQgh a point on the tangent HI 
A corresponding to half the rnmber of stations from A to M'" ; that 
19, M'" a four stntiona from A, and the tangent passes through T', 
the second poinl on tlie Wngent A C. In lilie manner, M'" is six sla. 
lions from B, and the tangent passes througli G, the third point on the 
tangent B C. 

n. If ihe curve has Iwjen laid OBI by middle ordinates (^ 8B), (he tan- 
gent dclieclion for one station is equal lo the last middle ordinate made 
ose ofin lajing out the turve. For if the tangent 4 C (fig. 37) were 
divided into four eqnal parls corresponding to the number of stations 
from A lo £, ihe method of tangent deflections would give the same 
points on (he carve, as were obtained by the method of ^ 86. In this 
case, the tangent deflection for one station would be <i = tr, C E = 
iV DE; but the lasl middle ordinate was made equal to j GK or 
iiD E. Therefore, a is eqnal to the last middle ordinate, and a tan- 
gent may be drawn at any station liy the first method of this section. 

A tangent may also be drawn at the extremity of any middle ordi- 
nate, by drawing a line through thia extremily, parallel to the chord 
of that ordinate (4 84, IV.). 

88. In laying out a paral>oU by the method in } 85, it may some- 
dmes be impossible or inconvenient lo lay off all the points from Ihe 
original tangents. A new tangent may then bo drawn by } 87 to any 
station ali-eady found, as at M'" (fig. 36), and the tangent deflections 
B, 4 a, 9 EI, &c. may be laid off from this tangent, precisely as from the 
flrsl tangent. These deflections must be parallel to CD, and the dis- 
tances on the new tangent must be equal to T'Nor NM'", which 
may be measured. 

89. Problem. Given tie langenU A Cand B C, ei/ua! or uneijual, 
(Jif/ 38, ) lo lay out a parabola by bisecting langtnts. 

S<J:ition- Bisect d C and B C in I> and F, join D F, and find E, the 
middle point of D F. E will be a point on the curve [<, 84, V.). We 
have now two pairs of what may be called second tangents, A D and 
DK, andEFand F B. Bisect AD in G and D£inH, join Gil, 
avid its middle point Mnili be a point on the curve. Bisect£/'and 
Ffiin A'anilL,Joini:L,and its middle point iV will ben point on 
the curve. We hare now four pfura of third tangents, A G and G M, 
.l/Hnnd HE,EK3M K N, and N L and LB. Bisect cat-h pair in 
«iMi, join the points of bisection, and the middle points of the jolniiii; 
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,inea will be four new poiiita, M', if", N", and N'. The same ni«tho4 
ma; be continued, unUl a sufficient number of points is obtaineil. 




90. Problem. Glpeu the lani/enta A C and B C, egual or unequal, 
ig. 39,) and the chord A B, to lay oat a parabola ij intersections. 




Solution. Bisect A B ia D, draw CD. and hisect it in E. Divide 
ihe tangents AC&ni B C, the half-chords A D Rtii D B, and the line 
CE, into the same nnmber of equal parts ; five, for example. Then 
theintersectioiiMof^aand/'Gwillbeapointon the curve. For 
FM^ \ Ca. and Ca = | CE. Therefore. FM^is CE, which i> 
the proper deflection from the tangent at Fto the curve (^ 85). In 
Uka manner, the intersection iVof.A t and HKmay be shown to be a 
point on the curve, and iJie same is true of all the similar intersections 
indicated in tlie figure. 

If the line DE were also divided into five equal parts, the line Aa 
would bo intersected in JIf on the curve by a line drawn from B throogh 
a', the line A b would be intersected in Non the curve by a line drawn 
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from li throngh 6', and in general any two lines, drawn from A and B 
through two points on CD equally diBlant Trom the exlromities Cand 
D, will intersect on the curve. To show this for any point, as J/, it is 
rafficient to show, tlial Bo'prodiiL'ed cnH FG on the carve; for it 
hits already been proved, that An culs f'G on Iho curve. Now 
Da- -.M G ^ B D: B G = 5:'J, ot M G = I Da'. Bat Da- = ICE. 
Therefore, 3/ G = j;C£. Again, FG: CD = A G: JD= I ;5. 
Therefore, FG^lCD^l CE. We liai-e then FM - FG - 
StG ==fCE — if CE = a's CE. Aa this is the jiroper defleition 
from the tangent Ht F to ihe curve (^ 85), the intersection of fi a' with 
FG is on tliB curve. This furnishes Brother method of laying out a 
parabola by intersections. 



■n of sc 






91. The following example is given in 
preceding methods. 

Example. Given A C = B C = SS2 (fig. 40], and jl B = 1536, 1o 
lay out a parabola ^ £ B. We here tind CD = 32U. To begin with 
the method by tangent deflections (} SB), divide the langsnt A C inw 



. . I , .T.1. <^^ ISO 

eight eijnal parts. 1 hen a = ^j- — gj- 

divisions on the titngent F\ = 2 5, (72 



S, Lay off fiom the 
X 25 = 10, /7a =- 
K* = 16 X 2.5 = 40. Suppose now that it i» 
line this mclhoci beyond K. In this case we may 




find a new tangonl at E, by bisecting A Cand B C (^ 89), and draw- 
ing KL through the points of biscclion. Divide the new tangent 
KE = J .4 D ^ 3S4 into fonr equal parts, and lay off from KE iho 
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«arae tangent defluetiorB as were laid off from A K, namelj, W5 = 
22.S, NG = 10, and 07 = 2.6. To lay off the Bccond half of the 
curve by middle onJinftles ({ 86), measure EB = 784.49. Bisect 
EB ia P, and lay off the middle ordinalc P 7i = JZ) £ = 40. 
Measure Eft = 386.08, and Bfi = 402.31, and lay off the middle or- 
dinates STand F IF, each eqnal to JPfi = 10. By nieasuiing the 
chords E T, TR, R W, and WB, and laying off an ordinate from 
each, equal to 2.5, four addilional points might be found- 



Ahttcle II. — Radius of Cuhvatcbb. 

92. The curvaliire of circular ares is always the same for the same 
are, and in different arcs varies inversely as the radii of the arcs. 
Thua, the curvature of an arc of 1,000 feet radius is double that of an 
arc of 2,000 feet radius. The curvature of a paral«i!a is continually 
changing. In fig. 39, for example, it is lenst at the tangent point A, 
the extremity of the longest tangent, and increases by a fixed law, no- 
lil it becomes greatest at a point, called the vertex, wlioro a tangent to 
the curve would be perpendicular to the diameter. From this point 
to B it decreases again by the same law. We may. therefore, con- 
sider a parabola to be made up of a Buceession of infiriiiely small cir- 
cular arcs, the radii of whieti continually increase in going from the 
vertex to the extremities. The radius of the circular arc, correspond- 
ing to any part of a parabola, is called the railiua of curvature at that 
point. 

If a.parabola forma part of the line of a railroad, it will be necessa- 
ry, in oritur that the rails may ho properly curved (4 28), to know 
how llie radius of curvature may be found. It will, in general, be 
necessary to find the radius of curvalnre at a few poiiita only. In 
short curves it may be found at tlie two tangent points and at the mid- 
dle Blalion, and in longer carres at two or more intermediate points 
besides. The rails curved according to the radios at any point should 
bo sufficient in number to reach, on each side of that point, half-way to 
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froic AtoE. These e 



; selected at regular intervals 



irmined by any of the preceding methods. Let n do 
!r of parts info which ^i Sis divided, and divldo CD 
umber of equal parla. Draw lines fi'om A lo t)ie points 




of division. Thus, if n = 4, an in the figure, divide CD ii 

equal parts, and draiv A F, A E, and A G. Let 

A £ = Cj , A G = cj, and A ^ T. Denote, m 

and the area of the triangle A C B hy A. Then the respective 

for the points B, 1, 2, 3, and A will be 



R=-, 



^, = "i . 



ft = - 



R, -■ 



R, = 



The area A may be found by form. 18, Tab. X. ; c and Z* are known ; 
and Ci,ej| Cj maybe found approximately by mcasaremerit on a figura 
sarefaHy eotis true ted, or exactly by these general forroulie : -7 




It will be soeir, that each of these 
by adding the same quantity - - - 



ilufss is formed from the pretediuf;, 
- , and subtracting —^ multiplied in 
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e.'-V + ur'-^l-Ad', 

All (lie quantities, which enter into (he expresEions for the tadii, art 
DOW known, and the radii may, therefore, be determineiL The same 
method will apply to the other half of the parabola. 

The manner of obtaining the preceding formula is as fbllowa. The 
radius of curvature at any given point on a parabola is, bj the DiUfer- 
entiol Calculus, E = 5^ 5 £■ , 'U which p represents the parameter of 
the parabola for recwngulnr coordinates, and E the angle made with 
a diameter bj a tangent to the curve at the given point. First, let the 
middle station E (Hg. 42) be the given point. Then the angle E is the 




angle made wiih E D by a tangent at E, or since ABh parallel to 
thctaneentat£:(4 84,IV.), Bin. £ = sin. JDi; = Rin. BD£. Lei 
p' he the parameter for the diameter E D. Then, by Analytical Go 
Ometry, p = p' sin.' E. Therefore, at this point 71 = 2~ji,jTe — 
'i^i = a .iiTE ■ J^"' f ' = -j¥ = fS ■ Therefore, K = ^.^ 
= rd"M^ = '^' BincoA = erfain.£(Tab.X17). 

Nexl, 10 find fl, , or the radias of curvalore at H, the first station 
from E. Through H draw F G parallel to CD, and from F draw the 
tangent fK. Join AK, cutting CZ>in L. Then from what has just 
been proved for the radius of curvature at E, we have for the radius 
t i?, fi, = vpt. Now AG- AL = AF-.AC = 



oogic 
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n — 1 :n,or^ G = -^X -di- BntdZ = c, For, since ^ A' =- 
^^^ X A C, the tangent deflection Fff=^^^^^. | (4 84,11.), and 
Fg = aii'g= '"~' -^iJ. Then, Bince CL: FG ^ AC: A F^ 
n:n — l,OL = ^^X FG^^^d. Hence L Zl == J ^ "-~- d 
= ; rf, thai is, J. Z = ci . Substitntiiig this value in the oxprvs- 
sion for A G above, we have A G = — ^ c, . Moreover, Einro 
A F — —j^ — X A C, a^iil because similar tiiangles are to eafh other as 
the squares of their homologous sides, vfe have the triangle A F G = 
^-^^^P^XACL. -Bat A CL : ACD = CL : CD = n -■[■.«, 01 
ACL^^'^XACD. Therefore, AFG^ '"~i^'' X ^ CO, and 
AFK ^ 2AFG ^ '"~/'° XA CB = ^-~f^- A. Substituting 
these values of ^ G and .i FK in the equation 7(, ^ //^ , and re- 
ducing, wo find' A'l = ^ . By similar reasoning we sliould find H3 = 

It remains to find the values of c, , C; , &e. Through A draw A M 
perpendicular to CD, produced if necessary. Then, by Geometry, we 
have .dZ)= = A L' + LZ** — 2 Li* X £i/, and ^C - ^£* + 
€L' + S CL ■)i L M. Finding from each of these equaliona the 
value of s£itf, and putting these values equal 10 each other, we have 

AD =-e,AC= T, ani CL = ^-^ d. Subetiluling these valuei 
in the last equation, and reducing, we find 

„. _ 2!! + (■ - ■)• ' _ ( 1 - 'K . 

By Biuiilar reasoning we should find 
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From these equations the values of c,' , o,' , Cj' , &c. given on page 73 
nie readilj obtained. Thai given for cj* is obtained from the iirst of 
these equations by a simple reduction ; that given for Cj' is obtained 
by Eubtraetiog the first of these equations from the second, and reduc- 
ing 1 tbat given for cj' is obtained by subtracting ihe second equation 
from the tiiird, and reducing; and so on. 

94. Erample. Given (fig. 41) AC^ T= 600, BC^ T' = 520, 
and J Z* = e = 550, to find R, R, , R. , Rj , and B, , the radii of cur- 
vature at e. 1,2, 3, and .4, 

To find CD = rf, wchave, by Geomctry.if = ^ (T' + T") — c', 
which gives ii' = 12?00. 

To find the area of ^ CC = A, we have (Tab. X. IS) A = 



y,(s_„)(s_(,){,_e]. 



2)9.523745 
lo^.-l 4.761872 

Next^(7" — c*) = i(T+c)(T — c) _ 1M«^ _ 1 437 S, and 
^^1^=„3,75. Then 

e* = 55(1' = 302500 

c,' = 302500 + 14375 — 3 X 793.75 = 311493.75 
Cj' = 314493.75 + 14375 — 793.75 = 32S575 
ei* = 328075 + 14375 + 793.75 = 343243.75 
To find R, wo have R = j , or log. R = 3 Ic^. c — log. A. 

c ^ 550 2.740363 

c" 8.221089 

A 11^822 

R = 2878.8 3.459217 



orlog. Rx =-3-I<^ c,' — \og.A. 
V = 314493.75 5.49761 
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In [lie eame way we should find fla = 3251.S, Rs = 3479.6, fl, =. 
3737,5. 

To find the radii far tiie second part £1 6 of the parabola, the same 
formnlse apply, except that T' lakes the place of T. We have then 
liT" - c') = UT- + c) {T' - .) = ^"^-"^ = -802r. 

Ci» = 302500 — 8025 — 2381.25 = 292093.75 

Ca' = 292093.75 — eOS-'i — 793.75 = 283275. 

c/ = 283275 — 8025 + 793.75 = 276043.75 

To find ^1 , we have fli -- ^ , or log. fl, = | log, c^' — log. A 

c,» = 292093.75 5.465523 



R, = 2731.6 3.436412 

In the siune way we ehould lind iJj = 2608.8, R^ = 2509.5, R, ^= 
2133. 

It will be seen, that the radii in this example decrease ftvni one tan- 
gent point to the other, which shows that both tangent points lie on 
the same side of the vertex of the parabola (4 92]. This will he the 
case, whenever the angle B CD, adjacent to the shorter tangent, ex- 
ceeds 90°, that is, whenever c* exceeds T""-)- d*. KB CD = 90°, 
the tangent point B falls on the vertex. If B GD is less than 90°, 
one tangent point falls on each side of the vertex, and the curvature 
will, therefore, decrease towards both extremities. 

95. If the tangents Tand T' are equal, tbo equations for c,*, cj', &c. 
win be more simple ; for in this case d ia perpendicular to c, and T' 
— ^ — (P. Substituting this value, we get 



§91, r= ?■' = 8. 
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320, W find the ladii R, R^ , and R^ at the poiols S, 4, and A (fig. 40). 
Here A ^ cd = 245760, n =^ 2, and e,' = e' + iif = 615424 
Then R^71 = ir = -^ = 1843.2, if, = rj , and fl, = -^^ , 



615434 


5.789174 




S.683761 


245760 


5.390511 


: 964,5 


3.293250 


83S 


2.920123 




8.760369 



ed^ 245760 5.390511 

E, = 2343.5 3^69858 

R Is the radius at the point R elso, and Rt the radius at the point B 



•—.Google 



CHAPTER III. 

LEVELLING. 
Article I. — Heiqiits and Slope Stakes. 

96. The Level is an inslrament consisling essentially of a iclcanipe, 
Eupporled on a tiipod of convenient heiglit, and capable of being so 
adjusted, that its line of sight shall be horizontal, and that the tel- 
escope itself may be turned in any direction on a vertical axis. The 
instrument when so adjusted is said K be set. 

The line of sight, being a line of indefinite length, may be made to 
describe a horizontal plane of indefinite extent, called the plant of iht 
Urd. 

The levelling rod is used for mcasurinj; the vertical distance of anj 
poitit, on which it may bo placed, below the plane of the level. Thi/ 
distance is called the sight on that point. 

97. Problem. To find the difference of level of two poinli, as A 
and B (fin. 43). 

Sotiilioa. Set the level between the two points,* and take sights on 
both points. Subtract the less of these sights from the greater, and 
the dilfetence will be the difference of level required. For if F P rep- 
resent the plane of the level, and j1 G he drawn through A parallel to 
FP, A F will he tlie sight on A, and B P the sight on B. Then the 
required difference of level BG^BP — PG'^BP — AF. 

If the distanee between the points, or tuo nature of the ground, 
makes it necessary to set the level more than once, set down all the 
backward sights in one column and all the forward sights in another. 
Add np these columns, and take the less of the two sums from the 
greater, and the difference will ho the dilference of level required. 
Thus, to find the difl'erence of level between A and D (fig. 43). the 
level is first set between A and B, and sights are taken on A and B ; 
the level is then set between B and 0, and sights are taken on B and 
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t between C and D, and Hights are taken 
on (7 and Z>. Tlien the difference of 
level between ^ and Z* is £ Z> = 
{I3P + KC+0D)^IAF+BI + 
JVC], For ED == BC— LC = 
UM+MC-LC. BatH.W^hG 
= BP— AF, MC^KC ~ BI, 
nnd LC-^= NC — OD. Sabsliluting 
those values, we have ED^BP — 
AF+KV—Bl — NC+OD^ 
(UP + KC + OD) — {AF+ Bl 
+ NO]. 

98. It is often convenient to refer all 
heights to an imaginarj leve! piano 
called the dtUiim p^une. This piano 
may be asaumed at starting to pass 
throaglijOracsome fixed distance above 
or below, any permnnent objeet, called 
a bmchtnark, or simply a bench. It is 



OBually divided into regular s 
the datum plane [e required. 









nas tieights, to assume the datum plant 
at ^neh a distance below the bench- 
mark, that it will pass below all (he 
points on the lino to be levelled. Thus 
if^B (fig. 44) were part of the line to 
be levelled, and if A were the starting 
point, we should assume the datum 
plane CD at snch a distance below 
some permanent object near A, as 
would iDoke it pass below all the points 
If, far ii 



o bcliei 



point on this 
feet below 



e CD n 



lino was more thftti 15 
A, we might safely a: 
25 feet bcloff the bench near A, in 
which case all the distances from the 
line to the datum plane would be posi- 
tive. Lines before being levelled aro 
bations, the height of each of which abova 
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9S. Problemt Tojind the Imghle above a daluin plane of the le 



^ « 



er«t>li 



11 U>,e. 



Solution, Let A B (fig, 44) represent 
a portion of the line, divided into rego 
lar stations, marked 0, 1, 2, 3, 4, S, &c 
and let CD represent the datum plane, 
assumed to be 25 foet below a bench- 
mark near A. Suppose the level fo be 
sot first between stations 2 and S, and a 
Bight upon the bench-mark to be taken, 
and found to be 3.125. Now as ihiA 
eight shows that the plane of the lovol 
EFjs 3,135 feet above the bench-mark 
and 03 the datum plane is £5 feet be- 
low this mark, we shall find the heighl 
of tlie plnne of the level above the da- 
tum piano by adding these heights, 
which gives for the height of fii-' 25 + 
3.125 = 28.125 feet This height may 
for brevity's sake be called the heigkt 
of the imlrviaml, meaning by this the 
height of the line of sight of the instru- 

If now a sight be taken on station 0, 
^e shall obtain the height of this sta- 
tion above the datum plane, by sub- 
tracting this sight from the height of 
the instrument; for the height of this 
statioti is Gaud 0(7-= EC— £0. 
Thus if £0 == 3.413, e = 28.126 — 
3.413 =24.712. In like manner, the 
heights of stations 1, S, 3, 4, and 5 may 
be found, by taking sigbls on them in 
succession, and ettbtracting these sights 
from the height of the instrument. 
Suppose these sights to he respective- 
ly 3.102, 3.827, 4.816, 6.952, and 9 016, 



hav 
- 3.413 
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heiglit of sUtion 2 = 28.125 — 3.827 = 24.298, 

" " 3=^28.125 — 4.816 = 23.309, 

" " 4 = 28,125 — 6.952 = 2[. 173, 

" '■ " 5 = 28.125 — 9.016 = 19.109. 

Nest, set the level between stations 7 and 8, and as iJie height of Bt«- 
tion 5 is known, tako a siglit upon this point. This sight, being added 
to the height of station 5, will give the heiglit of the instrument in its 
new position ; (Ov G K = G 5 + b K. Snppose this sight to be G 5 
= 2.740, and we have GK= 19.109 + 2.740 = 21.849. A point 
like station 5, which Is used to get the height of the instrument after 
resetting, is called a tarnitig point. The height of the instranient being 
found, sights are tiifcen on stations 6, 7, 8, 9, and 10, and the heights 
of these Blalions fonnd by subtracting these sights from the height ot 
the instmment. Suppose these sights to be tespeclivd)' 3,311, 4.027, 
3,824, 2,516, and 0.314, and we have 

height of station 6 = 21.849 — 3,311 = 18,.Ma, 
" " " 7 = 21,849 — 4.027 = 17.822, 
" " " 8 = 21.849 — 3,824 = 18.025, 
" " " 9 = 21.849 — a,516 = 19.333, 
" " " 10 = 21.849-0.314 = 21.535. 
The instrument is now again cRrricd forward and rese.'i, station 10 
18 used as a turning point to find the height of the i'j'^trument, and 
every thing proceeds as before. 

At convenient distances along the line, perm r.n en t objects are se- 
lected, and their heights obtained and preserveil, to be used as statting 
points in any farther opcmtions. These are nlso called benches. Let 
as suppose, that a bench has been thus selected near station 9, and 
that the sight upon it from the instrnnieiit, when set between stations 
7 and 8, is 2,635. Then the height of this bench will be 21.849 — 
2.635 = 19.214. 

100, From what has been shown above, it appears that the tirst 
thing to be done, after setting the level, is to take a sight upon some 
point of known height, and that this sight is always lo be added to the 
known height, in order u> get the height of the inslrument. This first 
sight may therefore be called a jdas sight. The next thing to be done 
is to take sights on those points whose heights are required, and to 
si^iract these sights from the height of the instrument, in order to get 
the required heights. Those last sights may therefore be called minuj 
Bights. 

5 
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101. The field notes are kept in the following form. The Jiinl lol 
amn in (lie table contains the alotions, and also the benches iniii keii 
B., and the turning points marked i.p,, except when coinciduni uiih 
n station. The second column contains the pZus siglds ; the Ihii-d nil- 
umn shows the height of the instrument ; (he fourth coulains the minns 
tights ; and the_^A contains the feijto of the points in the first column. 



«..,„ 


+ s- 


.... 


-3. 


H. 


B. 


3.125 






2S000 







£3.125 


3.413 

3'S27 
4.816 
6.952 


24^298 
23.309 
21.173 


5 


2.740 




9.016 




8 




21.849 


3.311 
2^516 


18.025 


B. 






a.639 
0.314 


19.214 
21.535 



The height of the bench is set down as assumed above, namely, 25 
feetj the first plas sight is set opposite B., on which point it was 
taken, and, being added to the height in the same line, gives the height 
of the instrument, which is set opposite ; the minus sighla arc stl 
opposite the points on whieh they are taken, and, being subtracted 
from the height of the instrument, give the heights of these points, as 
set down in the fifth eolnmn. The minus sights are snhtracled from 
the same height of the instrtimeni, as far as the turning point at stiition 
5, inclusive. The plus sight on station 5 is set opposite this station, 
and a new height obtained for the inslrument by adding the plus sight 
to the height of the turning point. This new height of the instrument 
is set opposite station 6, where the minus sights to be subtracted from 
These sights are again set opposite the points on which 

■e taken, and, being subtracted from the new height of the in- 

t, give the heights in the last column. 
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Md UK = J. The slope of the sides B H or CK is usually given by 
the ratio of the base KN to tl.e height E N. Suppose, in the present 
case, that KN: E N ^ Z : 2, and we have the slope = i. Then if 
the gronnd were level, as D A E, it is evident that the distance from 




the cenlro A lo the slope slakes at D and E would be A D = A E — 
MK + KN^^b + I c. But as the ground rises from J to C 
[hroQgh a height C G = g, the slope stake must be set farther out a 
distance E G = ^g; and as the ground falls frara .4 to B through a 
height BF = g, the slope stake mnst be set further in a distance D F 
= 3?- 

To find jB and C, set the level, if possible, in a convenient position 
for sighting on the points A, B, and C. From the known cut at the 
(■ontre find the valne of AE = ^h + lc. Estimate by the eye the 
rise from the centre to where the slope stake is lo be set, and lake this 
ts the probable value of g. To AE add | J, as thus estimated, and 
measure from the eentro a distance out, equal to the snm. Obtain 
now-by the level the rise from the centre to this point, and if it agrees 
with the estimated rise, the distance ont is correct. But if the esti- 
mated rise prove loo great or too small, assume a new valne for g, 
measure a corresponding distance ont, and lest the accuracy of the 
estimate by the level, as before. These trials must he continnecl, until 
the estimated rise agrees sufficiently well with the rise found by the 
level at the corresponding distance out. The distance out will then be 
JS + ac + lj, The same conrse is t» be pnrsued, when the ground 
falls from the centre, as at B ; bat ta g here becomes minus, the dis- 
tance ont, when the true valne of g is found, will he AF = AD — 
DF=^b + %o — lg. 

For embankment, the process of setting slope stakes is the same aa 
fbr excavation, except that a rije in the ground from the centre on 
embankments corresponds to a JiJl on excavations, and vice vertA. 
This will be evident by inverting figure 4S, which will then represeot 



t,l 



Ic 



M LEVELLING. 

an embankiiiont. What was bcfoie e. fall to Z), become! noiv a rise. 
and ivliat was before a rise to C, becomes now a /all. 

When tlie aection is partly in excavation and partly in embankinenl, 
llie method above applies directly only lo the side which is in excavn. 
lion at the same time that the centre of the road-bed is in cxcavatior,. 
or in embankment at the flsine ^me that Iho centre is in emlmnk- 
ment On the opposite side, however, it is only necessary to make c 
in the expressions above minus, because its effect here is to diminish 
the distance out- The formula for this distance out will, tJiecefore, be- 



AETICLK II.— COHRECIION TOE THE BAHin's CnHVATDKE AND 

103. Let a C (fig. 48) represent a portion of tlie earth's surface. 
Then, if a level he set at A, the line of sight of the level will be the tan- 
gent A A while the true kvd will be A C. The ditFerence D C be- 
tween the line of sight and the true level is the corrcctien for the 
earth's eurvatarc for the distance AD. 

104. A correction in the opposite direclion arises from refraction. 
Befraclion is the change of direction which light undergoes in passing 
from one medium into another of different density. As the atmos- 
phere increases in density the nearer it lies to the earth's snrrace, liglil, 
passing from a point £ to a lower point A, enters eontinaally air ol 
greater and greater density, and its path is in conseqaenee a curve 
concave towards the earth. Near the earth's surface this path may be 
taken as the arc of a circle whose radins is seven limes the radius o( 
the earth." Now a level at A, having its line of sight in the direction 
A D, tangent to the curve A B, is in the proper position to receive the 
light from an object at B\ so that this object appears to the observer 
to be at D. Tiie effect of refraction, therefore, is to ttiake an object 
appear higher than its true position. Then, since the correction for 
the earth's cnrvalnre D C and the correction for refraction DB are in 
opposite directions, the correction for both will haBC— DC — DB. 



's Spherical Aslranamj, Chip. X., ) 12a It should bi 
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e height of any object 



105. Problem. Ginen l/^ distance AD = Dljig. 46), the rodiut 
i>/ Ihe earth A E = R, and the radios of the arc of refracled liyht = Tli, 
'0 find the correction B C — dfur the Earth's curuofure and for refraction. 




Solnlion. To find the correction for the earth's curvature D C, we 
have, by Geometry, D CiD C + 2E C) = A Ll*,or DC{DC+ SB) 
= Ifi. But as O C is always very email compared with the diameter 
of the earlli, it may be drupped from the parenthesis, and we have 
DCX3R = £*, orDC = ^. The correction for refraction Z> B 
may be found by the method just used for finding D C, merely chang- 
ing R into 7 R. Hence DB = ~ . We have then d^BC = 
DC- DB = ^— i^,or 

-If- 

By this formula Table III. is calcalated, taking ^ = 90,9! [,790 ft, 
ae 0ven by Bowdireh. The necessity for this correction may be 
avoided, whenever it is possible ta set the level midway between the 
points whoso height is required. In this case, as the distance on 
each side of the level is the same, the correetions will be equal, and 
will destroy each other. 
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Article III. — Vertical Cohtes. 

106. Vertical curves are used fo toquiI off the angles formBd b; 
the meeting of two grades. Let ^ (7 and CB (fig. 47) be two grades 
meeting at C. These grades arc supposed to be given bj the rise per sta- 
tion in going in some particular direction. Thiis, starting from A, the 
grades of A Cand C B may be denoted respectively by y and j'; that 
is, g denotes what is added fo the height at every station on A C, and 
If' denotes what is added to the height at every station on CB; but 
since C B is a descending grade, the quantity added is a minus qoan- 
lity, and g' will therefore be negative. The parabola furnishes a very 
wmple method of putting in a vertical curve. 

107. Problem. Given the grade g of A C [Jig. 47), ike grade g 
of C B, and the miaiber afstailrna n on aieh sideof C lo the tangent poliilt 
A and B, lo aitiie tliese points bg a parabolic vertical curve. 




So/atum. Let .dEB be the required parabola. Through Band C 
draw the vertical lines FK and CE, and produce A Cto meet FK 
in F. Through A draw the homonlal line A K, and join A B, cnt- 
dng CHinD. Then, since the distance from Cto A and B is meas- 
ured horiiontally, we have A H = HK, and conscqucntlj' AD = 
DB, The vertical line CD is, tJierefore, a diameter of the parabola 
{If S4, I), and the distances of the curve in a vertical direction from 
the stations on the taugcnl A Fare to each other as the squares of the 
Dumber of stations from A (} 84, II.). Thus, if a represent this dis- 
tance at the first station from A, the distance at the second station 
would be 4 a, at the third station 9 u, and at B, which is 2 n stations 



FB 



TofintI 



from^, itwouldbB4n'a; that is, FB=: 4 

q, it will then be necessary to find FB first. Through Cdraw the 

horizontal lino C G, and wo have, from the equal triangles CFG and 



VERTICAL UUEVES. VJ 

ACH, FG= OH. But C'fl is the rise of Che first grade sin tlien 
Blationa from A to C; that la, CH = nj, or f G = ag- GB [a also 
tho rise of the second grade g' in n stations, but since g' is negative 
(S lOfi), we must put G B ^ —ng'. Tbettfoie, F B = F 6 + GB 
^ ng — ag'. Substituting this value of FB in Che equation for a 



The value of a being thus delermined, all the distances of the curve 
from the tangent A F, vis. a, 4 u, 9 a, IGu, &c., are known. Now 
if 2' and T' be the first and second stutions on the tangent, and rerti- 
tal lines TP and T' P' be drawn to the horizontal line A K, Ihe 
height TP of ihe first station above A will be 3, the height T' P> of 
the second station above .A will be 2g, and in like manner for suc- 
ceeding stations we should find the heights 3g, ig, &c As we have 
already found TM ^ a. T' At' ^ 4 a, &c., we shall have for the 
heights of the curve above the level of A, MP = TP — TM = 
g — a,M'P'^ T'P' — T'M' = 2ff — 4 u, and in like manner for 
the succeeding heights 33 — 9a,4j — 16 a, &c. Then to find the 
grades for the curve at the successive stations from A, that is, the rise 
of each height over the preceding height, we must suhiracC each 
height from the next following height, thus ; (3 — a) — =: g — a, 
(2S-4a)-(ff~fl) =g-3a,{Xg-9a]-{2g-ia)^g-ia, 
[4j — I60) — (3j — 9 a) =3 — 7 a, &c. The successive grades fir 
the veriical curve are, therejbre, 

^^ ? — "1 ? — So, g — 5o, 3 — 7o, &c. 

In finding these grades, strict regard mast be paid to the algebraic 
signs. Tho results are then general ; though the figure represents 
but one of the six cases that may arise from various combinations of 
ascending and descending grades. If proper figures were drawn to 
represent the remaining cases, the above solution, with doe attention 
10 the signs, would applj to them ail, and lead to precisely the same 
formuliB. 

108. Examples Let tlie namber of stations on each side of C be 3, 

and let A C ascend .9 per station, and CB descend ,6 per .station. Here 

e — e' .9 — (—.6) 1.B 

, - 3. p = .9, and 3' = -.6. Then,« = \/ = -i^Ts" - s 

--- .125, and the griidet from .1 10 D will l>e 
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= . 
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775, 


9 — 


3a 


= , 
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9 — 


5o 


= . 
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.025, 


9 — 






— 1-125 
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3- 


Ho 


= . 


— 1.375 


^ 


— .4 



175. 

As a second example, let the first of two grades deaccnd .8 per stfr 
(ion, and the second ascend .4 per station, and assume two stations on 
each side of C as the extent of the curve. Here j = — .8, j' ^ .4, 
andn = 2. Then a = ^^'^- = — g' = — .15, and the four grades 
required will be 

y-H ^_.a— (_,15) = _.8 + .IS .^ .65, 

?-■!" = - .8 — (— .45) .8 + .45 -= — .35, 

p-Sa- — .8— (—.75) .8 + .75 = — .05. 

J - 7o = — ,8 - (- 1.05) =. - .8 + 1.05 = + .25. 
It will ba seen, that, after finding ilie first grade, the remaining grades 
may be found hv the continual subtraction of 2 n. Thus, in the first 
example, eadi grade after the first is 25 less than the preceding grade, 
and in the second example, a being here negative, each grade after 
the first is .3 greater than (he preceding grade. 

loa. The grades calculated for Ihe whole stations, as in the fore- 
going examples, are snfiicient for all purposes except for laying the 
track. The grade stakes being then nsnally only 20 feel apart, it will 
ba necessary to ascertain the proper grades on a vertical carve for 
these sub-stations. To do this, nothing more is necessary than to let g 
and g' represent the given grades for a substation of 20 feel, and b the 
number of sub-stations on each side of the intersection, and to apply the 
preceding formulffl. In the last example, for instance, Ibo first grade 
descends .8 per station, or .16 every 30 feet, the second grade ascends 
.4 per station, or -08 every 20 feet, and the number of sub-stalions in 
SOO feet is 10. We have then g ~ — .16, g' = .08, and n = 10 

— .16 — .08 —.24 . . , 

Hence a = ^ x " l O~ = ~i5~ " " '*"'^' ^''^ *'''*' grade is, there 
fore, s — o = — ,16 -f- .006 = — .154, and as each sub-sequent grade 
increases .012 [\ 108), the whole may be writteti down without farther 
trouble, thus: —.154, —.142, —.130, —.118, — .106, —.094, — -082, 
— .070, —.058, —.046, —.034, —.022, —.010, -I- ,002, +.014, -\- Ji»% 
4- -038 + .050, + ,062, + ,074. 
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IV. — Elevatiom or the Outer Riil on Ci^eveb. 

110. Problem. Given the radius of a curve H, the gauge of tU 
track g, and the iWuciVj of a car pei- second v, to determine the proper de- 
votion e of the outer rail of tlte carve. 

Solution. A car moving on a curve of radiua It, with a velocity per sec- 
ond = V, iias, by Mechanics, a centrifugal force — ~f^- To counteract 
this force, the outer rail on o curve is raised above the level of the 
inner rail, so that the car tnay rest on an inclined plane. This eleva- 
tion must be such, that the action of gravity in forcing the car down 
the inclined plane shall be just equal lo the centrifugal force, which 
impels it in the opposite direction. Now the action of gravity on a 
body resting on an inclined plane is equal lo 32.2 multiplied by the 
ratio of the height to the length of the plane. But the height of the 
plane is the elevation e, and its length the gauge of the tracli g. This 
action of gravity, which is to counteract the centrifugal force, is, there- 
fore, — -i- . Putting this equal to the centrifugal force, we have 

m- e=.3^. 

32.2 ii 

If we substitute for R its value (§ 10) R = ^^-^ , we have e = 
60 X^3 = .00062112^u' Bin.Z), If the velocity is given in miles 
per hour, represent this velocity by ^f, and we have i) = ~g(n;"g(f - 
SubBlilntiug this value of K, we find e = .0013361 p M' sin. U. When 
g = 4.7, this becomes e = .00627066 M' sin, D. By this formula 
Table IV. is calculated. In determining the proper elevation in any 
given case, the nana! practice is to adopt the highest customary speed 
of passenger trains as the value of M. 

111. Still the outer rail of a curve, though elevated according to the 
preceding formula, is generally found to be much more worn than the 
inner rail. On this account some are led to discrnst the formula, and 
to give an increased elevation to ttie rail. So far, however, as the 
i;entiirugal force is concerned, the formula is nndonbtedly correct, and 
the evil in q^uestion must arise from other causes, — causes which are 
not counteracted by an additional elevation of the outer rail. • The 
principal of these causes is probably improper " coning" of the wheels. 
Two wheels, immovable on an axle, and of the same radius, must, if 
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BO Blip is allowed, pass over equal spaces in a given nnmlier of rero- 
lations. Now as the outer rail ofa curve is longer than the inuer rail, 
the outer wheel of such a pair must ou a curve fall behind (he -inner 
wheel. Thcfirst effect of this is to bring the flange of the outer wheel 
against the rell, and to keep it there. The second is a strain on the 
axle consequent upon a slip of the wheels equal in amount to the dif 
Terence in length of the two rails of the curve. To remedy this, con- 
ing of the wiiecis was introduced, by means of whicli the radius of the 
outer wheel is in eflect increased, the nearer its flange approaches the 
fmI, and this wheel is thus enabled to traverse a greater distance than 
the inner wheel. 

To find the amount of coning for a play of the wheels of one inch, 
let r and r' represent tlie proper radii of the inner and outer wheels 
respoelivety, when the flange of the outer wheel touches the rail. Then 
r* — r will be the coning for one inch in breadth of the tire. To ena- 
ble the wheels to keep pace iviih each other in traversing a curve, (heir 
radii must be proportional to the lengths of the two rails of the cnrve, 
or, which is the same thing, proportional to the radii of these rails. If 
R be taken as tiie radius of the inner rail, the radius of the outer rail 
willbeK + p, and we shall have r ■.r< = R: R -{■ g. Therefore, rfi 
+ ry = r'fl,or 

r'-r = ''J- 

E ' 

As an example, let K = 600, r = 1.4, and j = 4.7. Then we have 
i« — r = ^" = OU ft. For a tire 3.5 in. wide, the coning 
woKld be 8.5 X .011 = .0385 ft., or nearly half an inch. Wheels 
coned to Ibis amount would accommodate themselves to any curves 
of not less than 600 feet radius. On a straight line the flanges of the 
two wheels would be equally distant from the rails, making both 
wheels of the same diameter. On a cnrve of say 240O feet radius, the 
flange of the outer wheel would assume a position one fourth of an 
inch nearer to the rail than the flange of the inner wheel, which would 
increase the radius of the outer Wheel Just one fourth of the necessary 
increase on a curve of 600 feet. Should the flange of the outer wheel 
get too near the rail, the disproportionate increase of the radius of this 
wheel would make it get (he start of the inner wheel, and cause the 
Bange to recede from the rail again. If the shortest radius were taken 
as 900 feet, r and g remaining (ho same, we should have r'- — r = ~ao5~ 



= .0073, and for the coning of the whole tire 3.5 X -0073 = .0256 ft., 
or abont thrpo tenths of an inch. Wheels coned (o this amount would 
accommodate themselves to any curve of not less than 900 feet radius. 
If the wheels aie larger, the coning must be greater, or if the gauge of 
Ihe track is wider, the coning must be greater. If the play of the 
wheels is greater, the coning maj be diminished. Hence it might be 
advisable to increase the play of the wheels on short curves, by a slight 
increase of the gauge of the track. 

Two distinct things, tbereibre, claim attention in regard to the mo- 
Uon of cars on a curve. The first is the centrifugal force, which is 
generated in all cases, when a body is constrained to move in a cnr- 
vilinoar path, and which may he efTectuallj counteracted for any given 
velocity by elevating the outer rail. The second is the unequal length 
of the two rails of a curve, in consequence of which two wheels Bxed 
on an axle cannot traverse a curve properly, unless some provision is 
made for increasing the diameter of the outer wheel. Coning of the 
wheels seems to be the only diing yet devised for obtaining this in- 
crease of diameter. A( present, however, there is little regularity 
either in the coning itself, or in the distance between the flanges of 
wheels for tracks of the same gauge. The tendency has been lo di- 
minish the coning.' without substituting any thing in its place. If the 
wheels could be made to tarn independently tyf each other, the whole 
difficulty would vanish ; but if this is thought lo be impracticable, the 
present method oaght at least lo be reduced to some system. 
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CHAPTER IV. 

EARTFI-WOltK. 
AitTiCLK I, — rnisMoijjM. Formula. 

H2, Eaktii-ivork includes iho regnlnr excavation and embank 
ment on the Urn; of a roud, borrow-pitfl, or such ndditional cxciivalioni 
as are made necessary when ihe emlaukment exceeds ihe regular ex 
eavation, and. in general, any transfers of oartli tliat require ealcnla- 
lion. We l)e^n ivilli ttio prismoiiiiil fbrmula, as lliis formula is fre> 
qnentlj used in calculating cnbic^ contents iKith of eartli and maaonrv. 

A jirismoid is a solid having two parallel faics, and composed of 
prisms, wedges, and prramide, whose common altitade is the perpen- 
dicular distance between llie parallel faces. 

lis. Probleui. Ginen the areasofihe paral/d faces B and B , 
the middle area M, and Iht allilade a of a prismoid, to find its solldily S. 

Solution. The middle area of a pvistnoid is the area of a section 
tnidway hetwecn the parallel faces and paiallel to Ihem, and the a)ti< 
tnde is the perpendicular distance between the paraitel &ces. If now 
t represents the haseof any prism of altitude a, its solidity is ab. Kb 
tepresenls the base of a regular wedge or half-parallelopipedon of alti- 
tade a, its solidity is ^a b. If b represents the baso of a pyramid of 
altitude a, its solidity is J a i. The solidity of these three bodies ad 
mils of a common expression, which may be found thus. Let m rep- 
resent the middle area of either of these bodies, that is, the area of a 
section parallel to the base and midway between the base and top. In 
the prism, m = 6, in the regular wedgo, m = ^ i, and in the pyramid, 
tn = ^b. Moreover, the upper baj^e of the prism =^ £, and the upper 
base of the wedge or pyramid = 0. Then the expressions o fc, J o 6, 
and ^ab may be thus transformed. Solidity of 

prism = ab = --^6b^"{b + b + ib)=-{b + b+*m], 
wedge =ia5-?X3i==°{0-i-6-!-2i)=-(0-f-i + 4m), 
pyramid = Jfli = -X26=-|0 + 6 + 6). =f{0-i-6 + 4ni). 
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Hence, the solidity of eiclier of these bodies iS found by adding (ogeth- 
tr the urea of the nppcr base, the area of the lower base, and four 
times the middle area, and multiplying the sum hy one sixili of the 
altitude. Irrtgular wedges, or those not halfparallelopipedons, may 
he measured by the same rule, since they are the sum or difference of 
a regular wedge and a pyramid of common altitude, and as tlio rule 
applies 10 both these bodies, it applies (o their sntn or dilfercnee. 

Now a prismoiit, being made up of prisms, wedges, and pyramids of 
common altitude with itself, will have for its solidity the sum of Che 
solidities of the combined solids. But the anm of the areas of (he 
upper and lower bases of the combined solids is equal to B + B', the 
sum of the areas of the parallel faces of the prismoid ; and the sam of 
the middle areas of the combined solids is equal to M, the middle area 
of the prismoid. Therefore 

B^ S=:i(B + B' + 4JU). 



AeTICLB II. — BOHROW-PlTS. 

114. For the measurement of small excavations, such as borrow- 
pits. So., the usual method of preparing the ground is to divide tho 
surface into parallelograms ' or triangles, small enough to be consid- 
ered planes, iaid off from a base line, that will remain untouched by 
the excavation. A convenient bench-mark is then selected, and levelg 
taken at all the angles of the subdivisions. After the excavation is 
made, the same subdivisions are laid off from the base line upon Che 
bottom of the excavation, and levels referred to the same bench-mark 
are taken at all the angles. 

This method divides the excavation into a series of vertical prisms, 
generally truncated at lop and bottom. Tho vertical edges of these 
prisms are known, since they are the differences of the levels at the 
top and bottom of the excavation. The horizontal section of the 
prism? is also known, because the parallelograms or triangles, into 
which the surface is divided, are always measured horizontally. 

115. Problem. Given the edges h,ki, and k^, to Jind lie soliditg 
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S^ a vertical prism, icRdher truncated or 
m trianglt of given area A. 



t, whose horisanlal tecfiM u 




Solution. When the prism is not iruncaled, we have 7i == A, = Aj. 
The ordinary rule for the soliiiity of a prism ^vea, therefore, S= Ah 
= Ay.i[h + h, + *,). When the prism is trancateil, lot J B C - 
FG H{Sg.iS) represent soch a prism, tmncated at the lop. Througli 
the lowest point A of the upper face draw a horizontal plane ADE 
cutting off a pyramid, of which the base is the trapezoid DDEC, and 
the altitude a perpendieuiar let fall from AoaDE. Represent this 
perpendicular by p, and we have (Tab. X. 52) the solidity of the pyra- 
mid = ipxBDJCC = ipXi>£Xi(Bi'+ CE) = ipX 
DEX HBD+ CE] = A X i [BD + CE), since Jp X DE 
= ADE = A. Biitl(Bi)+ f7£) is the mean height of the verti- 
cal edges of tbe truncated portion, the height at A lieing 0. Hence 
the formula already found for a prism not tmncated, will apply to the 
portion above the plane ADE, as well as to that below. The same 
reasoning would apply, if the lower end also were truncatciii Hence, 
for the solidity of the whole prism, whether trnncaled or not, we have 



(S^ 



5=^Xi(* + A. -f A,). 



lie. Problem. Given the edges h, hi, h 
lolidili/ S of a vertical prism, whether Irunatled o 
uetion it a paralletogram of given area A. 



and Aji lo jind ihi 
not, whose horitoitai 
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Solution. Let B H (Hg. 49) represeot such a prism, whether tmn- 

eated or not, and tei liie plane BFHD divide it into two triangDlor 

Fig.«. 



y 


[<; 


<'" 


7 




/■'■ 


> 




r 


ft, 




'. 


r 








^. 


\. 


/ 






-ij 


4 



prisms ^ FU and CPH. The horizontal seeiion of each of these 
prisms will be ^A, and if J, ij , ^, and /ij represent the edges to which 
Ihey are attached in the figDre,we have for their solidity (i 115) 
AFH^iAx i(A + *i + A=),a'><lCFS = J4 XKS, + fts + 
hs). Therefore, Ihs whole prism will hare for its solidity .S-= J ^ X 
J(A-)-2i, -|-Ai-[-2 Ao). Let tiie whole prism be again divided by 
tho plane AEGC into two triangular prisms BEG and DEO 
Then we have for these prisms, B£G = J4X4 {* + *■ + *i)i 
mADEG^IsA X i (A + A, + J^,), and for the whole prism, S = 
^4 X J (2 A -1- A, -|-2fti-|-^ol- Adding the two expressions fonnd 
ftor S, we have a S = i 4 (ft + ft, + *, -(- S^), or 

^- S=A-KHh + h^ + h + ft;). 

It will be seen by the figure, that J (ft + ft,) = iCt = i (ft, + *=), 
or ft -(- Ji = ft, + ftj . The expression for S might, therefore, be re- 
inced to 5 - ^ X J (ft + ftj), or S - ^ X J (ft, + k,). Bat as 
the ground surfaces A BC D B.-ni E FGHare seldom perfect planea, 
it is considered betler to use the mean of the four heights, instead of 
tlie mean of two diHgonally opposite. 

117. Corollary. When all the prisms of an excavation liave 
^e same horizontal section A, the calcalacion of any number of them 
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may be performed by one operation. Let figni* 50 be a plan ol sod 
an wtcavation, the heighte at the angles being denoted by a, a, , Oj , ( 
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fti, &c. Then the solidity of the whole will be equal lo iA malsi- 
plied by the sum of the heights of the several prisms (^ 116). Into 
this snm the corner heights a, a,, b,\, Cj, d, and d, will enter but 
mc., each being found in but one prism ; the heights ai.b,, c, rfi , rfj , 
and d^ will enter iicice, each being common to two prisma ; (he heights 
&!, b^, and c^ will enter three times, each being common (o three 
prismSj and the heights 65,c,,Cj,and Cj will enter four times, each 
being common to four prisms. If, therefore, the sum of the first set of 
heights is represented by s, , the sum of the second by »- , of the third 
by So, and of the fourth by s,, we shall have for the solidity of all the 
prisms 
^" S= id [s. + 2s= + 3s, + is,). 



E III.- 



■ Excavation and Emrakkmi 



lis. As embankments hate the same general shape as excavations, 
it will be necessary to consider excavations only. Tlie simplest case 
is when the ground is considered level on each side of the ceniro line. 
Figure 51 represents the mass of earth between two stations in an eK- 
cavaiion of (his kind. The trapezoid GBFH is a section of the 
mass at the first station, and C, B, F, ff, a section at the second sta- 
tion; dEia the centre height at the first station, and jiiE, the centre 
height at (he second station ; !Tff^F,F]s the road-bed, G G, B, B the 
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lurface of the ground, and G G, fl, II and BB,F,F the planes form- 
ing the side slopes. This solid is a prismoid, and might ho cidenlaled 
by the prismoidal formula (^ 113). The following method gives tlie 



A, Centre Heights otunt given. 
1 1 9. Problem. Given (Ae csitre Myhls c aad c, , the width of the 
road-bed b, the slope of the sides s, and the length of the section t, to Jiad 
'he solidili/ Sof llie ej^cavation. 




Solutim. Let c be tho centre height at A (Sg. 51 ) and e, the height 
at J,. The slope s is the ratio of the base of tho slope to iK perpen- 
dicular height (5 102). We have then tbe distance out J B = ^6 + 
sc, and the distance out J, Bi -Jd + s^, (i 102). Divide the whole 
mass int« two equal parts by a vcriieal plane A Ai E, E drawn 
through the centre line, and let us find first the soUdiCy of the right- 
hand half. Through B draw the planes BEE,, BAiE,, and 
B£i J^i, dividing tho half-section into three quadrangular pyramids, 
having for their common vertex the point B, and Ibr their bases the 
p\mesAA,E,E, EEiFiF, nad AtB,F^Et. For the areas of these 



AA,E,E =iEEiX (AE + A^E,]^i^c- 



Area of .^ . , 

" " ^, B, F, B, = ^ ^, £, X IE, F, +A, Bi) = J (6 c, + s <■,»); 
and for the perpendiculars from the vertex B on these bases, produced 
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Vmpaodicu]axonAAiB,E — AB ^^b + ie, 
" " £E,F,F =AE =c, 

" AiBiFiE, ^EE, = t. 
Then (Tab. X 62) the solidities of the three pyramids are 

B'EBiF,F ^icx^bl =Ji6c, 

B-A,BiF,E,= il X i {b<:i + sc.') = mbc, + sV)- 

Their sam, or the solidity of ihe half-section, is 

■ i5 = i ( [H (c + c) + s (c' + c' + cc,}\. 

Therefore the solidity of tlie nliole aeclioti is 

s = 1 ; Ls M'' + <^.) + M-^" + =.' + ".)]. 

WTieii the slope is 1| to 1, s = j, and the factor Js = [ maj be 
dropped. 

120. Problem. To Jiad the sdiJily S of any aaiabern of tacca- 
nve sections of equal let^th^ 

SahUion. Let c, c, , c, , Co , &c. denoto the centre heights at the sue- 
sessive stations. Then we have (^ 11») 

Solidity of first section = Ji [b (c + c,) + f s (=' + c,» + c c,)]. 
" " second section = J ( [i (e. + c,} + i s (e,' + V + c^ c,)], 
" " third section -*([* {=, + «=) + is K + c," + c^c,!], 
&c. &c. 

For the solidity of any number n of sections, we shonld have J? mul- 
tiplied by the sum of the quantities in n parentheses ibrmcd as those 
Fust ^ven. The last centre height, according to the notation adopted, 
vfiU be represented by cn, and the next to the last by e„_i. Collect- 
ing the terms multiplied by 6 into one line, the squares multipEied by 
J s into a second line, and the remaining terms into a third line, we 
have for the solidity of n sections 

ET 5 = in ftfc + 2.i, + 2C5 + 2C3 + 2c„_i + c„) 

+ |s(c'-t-2c,' + 2c,» + 2^a'-.-.+2A-i + A) 
| + Ss(co, + r,c,-t-CsC,+c,C4-..- + c,-iC,)- 
When > = I , the factor ? s = I may be dropped. 
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ExampU. Given I = 100, i = 23, s = I, anil the stations and c«n- 
ae heights as set down in the tirst and second colnnins of the annexed 
table. The calculation is thus performed. Square the heights, and 
eel the squares in the tliird column. Torm the successive products 
cc,, c,Ca, &Ct and place them in the fourth column. Add up the last 
three columns. To the sum of the second column add the sum itself, 
minus Ihu first and the hist height, and to the sum of Ihs third column 
add the sum iKelf, minus the first and tho last square. Then 86 is the 
multiplier of b in the tirst lino of tho formula, 593 is the second line, 
since J s is here 1, and 274 is the third line. The product of 86 bj 6 
^ 28 is 240S, and the sum of 274, 592, and 2408 is 3274. This mul- 
tiplied by Ji = 50 gives for the solidity 163,700 cubic feet 
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B. Onlj-e and Side Heights given. 
121. When greater a<icuracy is required than can be attained by ±b 
preceding method, the side lieights and the distances out (; 102) are 
introduced. Let figure 52 represent the right-hand side of an excnya 
tion between two stations. AA,BiB ia the ground surface ; AE = t 
and ^, El =e, are the centre heights ; B G = A and S, Gi = S,,the 
side heights ; and d and J, , the distances out, or the horiaontal distan- 
ces of B and B, from the centre line. The whole ground surface 
may sometimes be taken as a plane, and sometimes the part on each 
side of the centre Hue may be so taken ; ' but neither of those snppo- 
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Eitions is sufficiently accnralB 10 serve as the basis of a general method. 
In most cases, however, wo may consider the enrface on each side of 
the centre line to lie divided into two triangular planes by a, diagonal 
passing from one of the centre heights to one of the side heights. A 
ridge or dEpression will, in general, determine which diagonal ought 
to be taken as the dividing line, and this diagonal must be noted ii> 
the lield. Thus, in the figure a ridge is supposed to run from li to 
Aj, from which the ground slopes downward on each side to A and 
B, . Instead of this, a depression might run from J to U, , and the 
gronnd rise each way to A , and B. If the ridge or depression is very 
marked, and does not cross the centre or side lines at the regular sra- 
tions, intermediate stations must be introduced to make the triangnlar 
planes conform belter to the nature of the groand. If the surface 
happens to be a plane, or nearly bo, the diagonal may be taken in 
eitlior direction. It will be seen, tlierefore, Ihat the following method 
is applicable to all ordinal^ ground. When, however, the ground is 
very irregular, tlie method of j 127 is to be used. 

122, Problem. Giten IkeeetUre Mgkts c and c,, the aide heights 
on Ike riyht h and h, , on tlie left h' and h', , tJie dislaace* out on lilt right 
d and d, , on the left d' and d', , Ihe viidili of the road-bfd b, the length of the 
seclion /, and Ihe direcliun of the diayonuh, (o Jind tlie edidiiy S of the 

Solution. Let ftgare S2 represent the right-hand side of the excava- 
tion, and let us suppose first, that the diagonal runs, as shown in the 
figure, from B to Ai. Through B draw the planes BEE,,BA,Ei, 
and BE, F^ , dividing the half-section into three quadrangular pyra- 
mids, having for their common verte?: Ihe point B, and for their bases 
the planes A A^ E, E, E &', F, F, and A, B, Ft E, . For ihe areas 
of these bases we have 

AreaolAAiE,E ^^EE, X<AE + A,Et) =il(c + c,), 
" "EE,F,F =EFxEEi = p?, 

" " ^, B,.F, £, = J^,i;, xrfi + ^£, i-'i XA, = Jrf,ej + i5A,, 
and for the perpendicnlars from the vertex B on these bases, produced 
when necessary, 

plaae; for if it ia a plana, the doBwnt ttomA to Bwilllioto th» descsnt ftom J, to 
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FeTpendicnliiron^^,£,£ ^ E G = d, 
" EE^F.F ^ BG =*, 
" A,B,F,Ei =EE,^l 




Then (Tab. X. 59) the solidities of the three pyramids aro 
B-AA,E,B -irfXi;(ff + =,) =U(dc- 

B-EEtF,F =Jftxj(i! =!;6ft. 



-iW,). 



Their cam, or the solidity of the tialf-scction, is 

\l{dc + d,e, + dc, + bh + ^bh,]. (1) 

Next, suppose thai tlie di^onal runs from A to B,. In this case, 
through B, draw the planes B,E,E. B, ^ £, and B,EF{notTtp- 
resenlcd in the iigurD), dividing the half-section again into three 
quadrangular pyramids, having for iheir common verten the point 
B,, and for their hasea tha planes J JjEifi, EBiF,F, miABFE. 
For the areas of tlieae bases we have 

Areaof4yl,-E,E = ^E£, x (AE-\-A,E,) = ^(('' + ''1). 
" '• EE,F,F ^EFx EE, ^^hl, 

" "■ ABFE =^AE Xd+^EFx h -Jrfe + jiA; 



»nd for the perpendiculars froi 
necessary, 



Bi on these bases, produced 11 
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Perpendicular on A A, E, E = E, U^ = d, , 
" EE,F,F = B,G, =A„ 
•• ABFE ^ EEt -i. 
Then (Tab. X. 62) the eoUdities of tlie three pyramids are 

B.-AJ,£,£;= Hi X H(c + c,) =iM''iC + rfiCi). 
B,-ABFE =iixi{dc + ibh] = ii{rf<; + Jii). 
Their snm, or the solidity of the half-section, is 

il [dc + d,c, + d,c + bh, + ibh). (21 

We have thus found the solidity of the half-section for both diree 

liona of the diagonal. Let ns now compare the results (1) and (2j, 

and express them, if possible, by one formula. For this purpose lei 

(1) be pot under the form 

i!['ic + d,c, + dr., + ib(h +h, + h)], 
and (2) under the form 

klldc + d,c, + d,c + ^b{h + h, + *,)]. 
The only difference in these two expressions is, that rfc, and the laal 
h in the lirst, become if, c and hi in the second. But in the first ease, 
e, and h are the heights at the extremities of the diagonal, and d is the 
distance out corresponding to h ; and in the second case, e and h^ are 
the heights at the extremities of the diagonal, and d, is the distance 
ont corresponding to hi, Denole the centre height touched by the diagonal 
b§ Gylhe side height touched by liie diagonal bg H, and the dislaace out cor- 
responding to the side height Hby D. We may then express both rfc, 
and rf, e hy /) C, and both h and A, by H\ so that the solidity of the 
half-section on the right of the centre line, whichever way the diago- 
nal mns, may he expressed by 

il[rfc + *iic. -V-DC + i6(* + ^ + S)l. (3) 

To obtain the contents of the portion on the left of the centre line, 
we designate the qnantities on the left hy the same letters used for cor- 
responding quantities on the right, merely attaching a (') to them to 
distingaish them. Thus the side heights are h' and h'l , and the dis- 
tances out d" and d'l , while D, C, and H become D', C, and H'. 
The solidity of the half-section on the left may therefore be taken di- 
rectly from (3), which will become 
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ll[d'c + iP.C, + D'C' + ib{h- + h\ + H')]. Hi 

Finally, bj uniting (3) and (4), we obtain the following formula fiw 
the solidit}' of the whole section between two stations 

A. ■^H+h' + J.', 4- S-)]. 

Example. Given I = 100, 6 = IS, and the remaining data, as ax 
ranged in tlie first six columns of the following table. The first col- 
tinin gives Ihe stations ; the fourth givea the centre heigiits, nameiy, 
c = 13.6 and c, = 8 ; lbs two columns on the left of the centre heights 
give the side heights and distances out on the left of the centre line of 
the road, and the two columns on the right of the centre heights give 
the side heights and distances out on the right The direction of the 
diagonals is marked by the oblique lines drawn from A' =^ S to c, ^ 8 
and from c = 13.6 to *, = 12. 




To apply the fortnuli^ the distances out at each station arc added 
together, and their sum placed in the seventh column ; these sams, 
muttiplied by the respective centre heights, are placed in the eighth 
column ; the product of J' = SI (which is the distance out correspond- 
ing to the side height touched by the left-hand diagonal) by c, = 8 
(which is the centre height touched by the same diagonal) is placed 
in the ninth column, and the similar product of rf, ^ 27 by c = 13.6 
is placed in the last column. The terms in the fbrmula mnltiplied by 
J J are all the side heights, and in addition all the side heights touched 
by diagonals, or 8 + 4 + 10 + 12 + S + 12 = S4, Then by sub- 
Btitnlion TU tJie formula, we have S = J X 100 (612 + 336 + 168 + 
867.2 + 9 X 54) = 32,820 cubic feet.' 
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By applying the rale g^ven in tha note to J 121, we see that the ear- 
faceon theleft of the centre line in the preceding example is a plane; 
since 13.6 — 8 : 8 ~ 4 = 21 : 16. Tiie diagonal on lliat side might, 
therefore, be taken cither way, and the same solidity would be ob- 
tained. This may be easily seen by rerersing the diRgonsl in this ex- 
ample, and calculating the solidity anew. The only parts of the for- 
mnla afFecled by the change are D' C and J 6 3'. In the one case 
[he snm of these terms is 21 x 8 + 9 X 8, and in the other 15 X 13.6 
+ 8 X *, both of which are equal to 240. 



123. Problem. To find the solidity S of any tmmlern of succes- 
Kve sections of equal lenglli. 

Solution. Let c, c, , Cj , c, , Sec. he the centre heights at the succes- 
sive stations i h, hi, li^,h,, &c.the right-hand side heights; h', h', , It'-, , 
Vi , &c. the left-hand side heights ; t/, i7, , tj, , rl^ , &c. the distances out 
on the right ; and d', rf', , (Pj , d', , &c. the distances out on the left. 
Then the formula for the solidity of one section (5 122) gives for the 
Bolidities of the bi 



ll[{d+d')c + {d, + d;)c,+DC+D'C' + ib{k + h, + H+ 

h' + h>, + H')], 
U[{di + d',)c, -i- id:, +d'i)c^ + D, C, + ly^ C', + h^ih, 4-JS, + 

ff, + *'i-f*'= + H',)|, 
I ( [(rfj -f <iy c~ + (J, + J'o) ca + Z>; q, + D', C's + ^ i (*, + A, + 

H, + h; + k', + B;)l 

ind so on, fbr any number of sections. For the solidity of a.ny num- 
ber n of sections, we should have J I multiplied by the sum of n paren- 
theses formed as those jnst given ■ Henc« 

^S==Ui(d+d')c + ild,+d',)ci+2{d, + d;)c,...-{-(d. + d'.)c^ 
+ DC+ D'C + D, e, -f D\ C\ + DiCi -f- D'^Cj + &c. 
+ i i I A -1- 2 *i + 2 Jj + J„ -I- // -f Hi -f ff, -f &c. 
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171 X 14 = 2394 



2 394 
6)6212 

103533 cubic feet. 



The data in this table are arranged precisely as in tlio example for cal- 
culating one section (5 122), and the remaining columns are calculated 
as there shown. Then, 10 obtain the first line of the formula, add all 
fbe nnmbcrs in the colnmn headed {d+ d') c, making 1389, and after- 
wards all the numbers except the first and the last, making 1185. 
Tlie next line of the formnln is the sum of the columns D' C and 
DC, which give respectively 605 and 639. To obtain the first line of 
the quantities multiplied by J 6, add all the numbers in column h, 
making 35, next all the nnmbers except the first and the last, making 
30, and lastly all the nnmbers touched by diagonals (doubling any one 
touched by two diagonals), making 37. Tlie second line of the quan- 
tities multiplied by JJ is obtained in the same ivay fi-om the colnmn 
marked A'. The sum of these numbers is 171, and this multiplied by 
J6 = 14 gives 2394. We have now for the first line of the formula 
1889 -I- 1185, for the second 605 + 639, and for the remainder 2394, 
By adding these together, and multiplying the sum by J / = -;-, ive 
get the contents of the six sections in feet. 

124. When the section is piitly in excavation and partly in embank- 
ment, the preceding rormuliE are still applicable ; but as this applies- 
lion introduces minus qnanUtles into the calculation, the fallowing 
method, similar in principle, is preferable. 



125. Problem. 



Givf 



I Ihe loidi/is of at 
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AF=iBaudA,F, = ir, (^. 53), (As side heights hand h,,lhe length 
e/ ike section I, and the directiim of ths diagonal, lo find the solidity S of 
lie excavation, tiiheii the section is partly in excn-vation and parilg in em- 




Solution. Suppose, first, that the surface is divided into tiro tiian 
gles by the diagonal B A^. Throngh B draw the plane BAjF,, 
dividing that part of the section which is in excavation into two pyra- 
mids B-AAiF^FfmAB-AiBiFi, the solidities of which are 
B- A AiF^F = \h y. ^l[w -^^ vi,) = il{iBh + <c,h), 
B-AiB,F, =i;xJiD,A, =ilw^h,. 

The whole solidity is, therefore, 

Next, suppose the dividing diagonal to run from AtoB,. Through 
B, draw a plane Ci A F [not represented in the figure), dividing iha 
excavation again into two pyramids, of whioh the solidities are 
B,-AAiF^F=ih,Xili-' + «'^) = iHv>h, + u>,hi), 
B,-ABF =ilX i"* = J/w*. 

The whole solidity Fs, therefore, 

S-J/(W*+HI, /., + «.*,), 

The only difference in these two expressions is, that ui, h in the first 
bafomes loh, in the second. But in the first case the diagonal touch- 
es ui, and h, and in the second case it touches w and A,. If, then, wa 
designate the width touched by the diagonal iiy W, and the height 
touched hy the liingonai hv H, vie may express both w, h and w A, by 
WH, <olhat the solidity in either ciise may ho cxprcs'ied W 
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W S = mwh + K,h, + WH). 

Corollary. When several aeclions of eqnal length succeed one 
another, the ivliole may be calculated together. For this purpose, the 
preceding formula gives for the solidities of the successive sections 
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The fourth column contains the products of the several widths Iq' 
the corresponding lielghts, and tlie next column the products of those 
widths and heights touched by diagonals. The sum of the products 
in the fourtli column is 247, the sum of all but the lirst and the last b 
209, and the sum of the products in the lifth column is 186. These 
three sums are added together, multiplied by 100, and divided by 6, 
iccording to the formnla. This gives the solidity of the four sections 
= 10700 cubic feet. 

136. When the excavation does not begin on a line at light angles 
M the eentre line, intermediate stations are taken where tlie excara- 
tion begins on each side of the road-bed, and ihesecUon may be calcD- 
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lated as a pyramid, having ila vertex at tlie fiist of these points, anil 
fbr its lui^e the cross-seetion at the second. The preceding method 
gives the eame result, Einee vi and h m this ease become 0, and reduee 
the formnla to 5 t= J f v, Aj . The same remarks applj to the end of 



C. Grotinrf very Irregutar. 

1ST. Problem. To Jind the Mdityo/ a section, ahen the grmmd 
it vay irr^idar. 




notation. LetAIiBFE-A, CDB,F,Ei (fig. 54) represent ona 
■Ide of a section, the surface of which is too irregalar to be divided 
imo two planes. Suppose, for in.stanre, that the ground changes at 
B, C, and D, making it necessary to divide the surface into five trian- 
gles running from station to station.* Let heights t>e lalien al H, C, 
and D, and let the distances out of these points l>6 measured. If now 
we suppose the earth to be excavated veitieaily downward through 
the side line B B, to tlie plane of the road-bed, we may form as many 
Tertlcal triangular prisms as there are triangles on the surface. This 
will be made evident by drawing vertical planes through the sides 
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AC, HO, HD, and i/B, . TAcb the solidilg of the half-section will be 
eguoi 10 ike sunt of ihese prisms, minus the triangvlar mass BF G- 
B, F, G, . 

The horizoiical section of the priems me; be found from the distan- 
ces out and the length of the seciion, and the veitifal edges or heights 
are all known. Hence the solidiiies of these prisms may be calculated 
by J 115. 

To find the solidity of the poriion lSFG-B,F,Gi, which is lo 
be deducted, represent the slojie of the sides hy s {^ 102), the heights 
at fl and B, by A and ft, , and the length of the section by t. Then 
we have FG = sh, and F, G, = s A, . Moreover, the area of BF6 
=^isA', and that of /(,/■■, O, =isA,'. Now as the triangles BFG 
and B,F, Gi are similar, the mass required is the fruslum of a pyra- 
mid, and the mean area ia ^fsk" X i s h,' = ^s*A,. Then 
(Tab.X 53] the solidity is Bi^ G- fl, F, G, = {/» (*' + Ai' + A *■). 

Example. Given / = 50, 6=18, s = | , (ho heights MA,H,un.AB 
respectively 4, 7, and 6, the distances J i/ = 9 and HB = 9, the 
heights at A^ , C, D, and B, respectively 6, 7, 9, and 8, and [he distan- 
ces Ai C = 4, CD = 5, and Z* 0, = 12 Then the horizontal sec- 
tion of the first prism adjoining the centre line is ^l x ^iC, since the 
distance A, C is measured horizontally ; and the mean of the three 
heights is i (4 -{- 6 -)- T| ^ 1 X 17. The solidity of this prism is 
therefore J/ X J, Cx JX 17 = J / X 4 X 17, tliat is, equal to[i 
mulliplied by the base of the triangle and by the sum of the heighls. 
In this way we should find for the solidity of the five prisms 
l/(4X17 + 9X18 + 5x23+12X24 + 9X21)=iiX8aa. 
For the frustum to be deducted, we have 

Ji X S(6' + 8'-f 6X8] = ti X 222, 
Henee the solidity of the half-seetion is 

J I (822 — 222] = J X 5D X 600 = SOOO cubic feet. 

128. Let ns now esamlne the usual method of calculating excava- 
iioii, when the iross-seclion of the ground is not level. This method 
consists, first, in finding the area of a cross-seedon at each end of the 
mass ; secondly, in finding the height of a section, level at the lop, 
equivalent in area to eaih of these end sections ; thinlly, in finding 
from the average of these two heights the middle area of ihe mass; 
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and, lastJj, in applying the priamoidai formula to lind the contents 
The heightE of the equivalent sections level at the top may be found 
appTOximatelj bj Trautwine's Diagrams,' or exactly by the following 
method. Let A represent the area of no irregular eross-scetion, b the 
width of the road-bed, and s the elope of the aides. I^et x be the re- 
quired height of an equivalent section level at the top. The bottom 
of the equivalent section will be b, the top (i + 2 s j, and the area will 
he the sum of the top and bottom lines mullipHed by half the heiglit or 
ir(ib-i-2sx) = si:-' + b^. But this area is to be equal to A 
'J'herefore. s t' + b x := A, and from this equation the value of i- may 
be found in any given taae. 

According (o this method, the contents of the section already calcu- 
lated ill i ISa will be found thus. Calculating the end areas, we find 
the first end area to be 3^7 and the second lo be 240 Then as s is 
here | and b = IE, the equations for finding the heights of ihc equiva- 
lent end sections will ho }r'+ IBi ^ 387, and jr' + 18 1 = 240, 
Solving these cqumions, we have for the height at the first Blalion 
t = 11,146, and at the second, i = 8. The middle area will, Ibere- 
fore, have the height J (1 1.146 + 8) = 9.573, and from this height the 
niiddlo area is found lo be 309,78- Then by the prismoidal formula 
(t 113) the solidity wiU be 5 = I X 100 (387 + 240 + 4 X 309.78) 
-. 31 102 cubic feel. 

But the true solidity of this section was found to be 32820 cubic 
foci, a difference of 1718 fuel. The error, of course, is not in the pris- 
moidal fbrmula, but in assuming that. If the earth were levelled at the 
ends to the height ol the equivalent end sections, the intervening earth 
might he so disposed as to form a piano between these level ends, thus 
reducing llie mass (o a prismoid. This supposition, however, may 
sometimes be very far from correct, as has just been shown. If the 
diagonal on the right-hand side in this example were reversed, that is, 
if the dividing line were formed by a depression, the trne solidity 
found by } 122 would be 29600 feet; whereas the method by eqniva. 
lent sections would give the same contents as before, or 1502 feet too 
much. 

D. Qnrfction in Ercavation on Curves 

129, In excavations on curves the ends of a section are not parallel 
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to each other, but converge towards the centre of the curve. A section 
between two slations 100 f^et npnrt on tlie centre line will, ihcrefore, 
measure less than 100 feet on the side nearest to the centre of the 
carve, and more than 100 feet on (ho side farthest from that centre. 
Now in calculating the contents of an excavation, it is assumed that 
the ends of a section are parallel, both being perpendicular to the chord 
of the carre. Thus, let figure 55 represent the plan of two sections ol 




1, -EFG being the centre line, A i and CM the extreme 
side lines, and the centre of the carve. Then the calculation of llie 
first section would include all between the lines A, C, and B, D, ; 
while the true section lies between A Cand B D. In like manner, the 
calcalalion of tiie second section would include all between ItK and 
NP , while the tme section lies between BD and L M. Ic is evident, 
therefore, that at each station on the carve, as at F, the calculation is 
too great by the wedge-shaped mass represented by KFD,, acii too 
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130. Problem. Given till centre ie (/k c, (/le yreaieil side height h, 
the letxst side height li', the greatest Jistance out d, the least distance out d', 
and the width of Ihe road-bed b, lo find the correction in excavation C, at 
any station on a curve of radius It or defitction anjrfe D. 

Soiulion. The correction, from what has been said above, is a trian- 
gular prism of which B Fll (fig. 56) is a cross -section. The height of 
this prism at B (fig. 55) is B, H. the height at H is /f, £, and the height 
a( f is 0. Bi H and It, S, being very short, are lierc considered 
straight lines. Now we have the cra,sB-seetii;n B FR ^ FB EG — 
FREG = Used + ihh) - (JccC + ibh') = ic(d - ./') 4- 
ibih --A'). To find the height fl, ff, we have the angle BFn = 
BFBi r- A anil therefore Bi H = 3 ///' sin. D = 2rfsin. D. In 
like manner, fl, S = A'D, ^ 2KF sin. D = 2d' sin. D. Then 
since (he heiglit at F is 0, ono third of the sum of the height.'; of the 
prism will be S (rf + rf')8in. D, and Ilie correction, or the Boliditj ol 
the prism, will be (^ 115) 

ET- C= [ie{d - d'] + ib(&- k'j{ X i(d + d'),in. D. 

When R is given, and not D, snbslitnte for sin. D ila value (} 9( 



Bin.D = ^ 

EP- c^[icid-d') + ib(h~h']] X ^SSJ^+JH. 

This correction is to be added, when the highest ground is on the 
convex side of the curve, and subtracted, when the highest ground is on 
the concave side. At a tangent point, it is evident, from flgnre 55, that 
the correction will be just half of that given above. 

Exam! 



2" (74 — 38) 4- f (40 — 16) = 672, and one third of the sum of the 

. 1»0(T4 + SS1 8 „ „ S 

heights of Ihe pnsm is — Tyiloo" = a ■ Hence C = 672 X g = 
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131. When the section is partly in excavation and pflrtlj in em- 
bankmcnf, tlie cross-seclion of the excavation is a triangle lying 
wholly on one side of the centre line, ov partly on one side and partlj 
on the other. The surface of the ground, instead of extending from 
B to Z> (fig. 56], will extend from B to a point between G and £, or 
lo a point between A and Q. In iho fifst case, ihe correction will be 
a triangular prism ijmg between (he lines B, /'and HF (fig. 55), bul 
not exlending below the point F. In the second case, the eKcavatioil 
extends below F, and the correction, aa in ^ 129, is the difference be- 
tween the masses above and below /'. This difference may be ob- 
tained in a very simple manner, by regarding the mass on both sWei 
of/' as one triangular prism the bases of which intersect on the line 
G F (fig. 56), in which case the height of the prism at the edge be- 
low F must be considered to be miniw, since the direction of this edge, 
referred to either of the bases, is contrary to that of the two oljiers. 
The solidity of this prism will then be the difference required. 

132. Problem. G'mm Ihe width of the ercavation at the road-b&l 
tc, l!,e width of the nad-hed b, the distance out d, and the side height h, to 
find the correOion in txcavalion C, at any slalion on a curve of radios R 
or dfjiedioa angle D, when the setlioii is partly in excavation and partly in 
embankt'ieitt- 

SoluHon. When the excavation lies wholly on one side of the centre 
line, the correction is a triangular prism having for i(s cross-section 
the cross-section of the excavation. Its area is, Ihereftire, J tu A. The 
height of this piism at J5 (fig, 56) is (} 130) B, H = iHFain.D = 
2 rf sin. D. In a similar manner, the height at E will he 2 U E sin. D 
= 6 sin. D, and at the point intermetliate between G and E, (he dis- 
tance of which from the centre line is J6 - w, the height will be 
2(J6-ic)sin.Z)=.(i — 2«i)Bin.D. Hence, the correction, or the solid- 
ity of the prism, will be (§ 115| C = Ji«Axi(2rf+i + 6 — 2t«)8in.C 
-=iwhxHd + b-«,)s]n.D. 

When the excavation lies on both sides of the centre line, the cor- 
rection, from what has been said above, is a triangular prism having 
also for its cross-section the cross-section of the excaration. Its area 
will, therefore, be ^ i« A. The height of this prism at B is also 2 rfsin. V, 
anil the height at E, b sin. D; but at the point Intermediate between A 
and (?, the distance of which from the centreline is ui — J6, the height 
will be 2 (lu — J 6) sin. D = (2 m — ft) sin. D. As this height is (o 
be considered minus, it must be subtracted from the others, and the 
n required will be C " ^wky.i [Bd + S — 2 m + ft) sin, D 
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-JwAXKiJ + *-«'] sin. D. Hence, in all casee, when the see- 
lion is partly in exoavHtion and partly in embankment, we have the 
formuts 

t^ C^iwhx i {d + b - «,) sia. D. 

When R is given, and not D, attbalilote for sin. D itn valne {} 9) 
sin. Z> = ^ . The correction then becomes 

, 100(rf+6-».) 
3R 

This correction is lo be addfd, when the highest gronnd la on ihe 
convex side of the enrve, and SH6(rat'[«/ when the highest ground is on 
the concave side. At a tangent point (he correction wil! be jnst half 
of that given above. 

Example. Given w = 17, J = 30, rf = 51, h = 24. and R = 1600, 
to find a Here the area of the cross-section is J w /, = 17 x 12 = 
304, and one Uiird of (he sum of the heights of the prism is ™ ''*+'-"'' 

100 (61 + 80 - 171 i „ „ 4 

^ ax LEW • =8- Hence C= 204 X s = 272 cubic feet 

1.33. The preceding corrections (5 130 and J 132) suppose the length 
of the Beclionfl to be 100 feet. If the sections are shorter, the angle 
B FH (fig. 55) may be regarded as the same part of D that FG'iaoi 
100 feet, and S, F B ei the same part of C that £Fisof 100 feet 
The true correction may then be taken as the same part of C that the 
■am of the lengths of the two adjoining seodons is 0^200 feet 
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T ItRdit, S 10 ; for OrdhaUs, f 25 ; for Deflecttom, { I* 
for Cnrving Raila, t 39- 
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LONG CHORDS. \ 6' 
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TABLE III. 



CORRECTION FOR THE EARTH'S CURVATURE AND 
FOR REFRACTION. § 105. 
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TABLE IV. 

BIJIVATION OF THE OUTER RAIL ON CURVES. 

5 110. 
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E V. — TABLE VI, 



TABLE V. 



This table is ealnulated for j ^ 4.7, d — .42, and 5 = 1" 20'. Fo 
mnU for frog angle F, and nhord B F, § 50 ; for m, the middle o 
dinuleof B F, J 25; for m', the middle ordinate for curving an 181 
rail, « 29. 
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TABLE VI. 
LENGTH OF CIRCULAR ARCS IN PARTS OF RADIUS 
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TABLE VII. 
EXPABSION BY HEAT. 
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PROPERTIES OF MATERIALS. 



TABLE VIII. 

PROPERTIES OF MATERIALS. 

The autlioriiifiB referred to by [he capital letlera in the table ai 
B Barlow, Oa the Slrenglh o 
Materials. 



Ro. 

T. Telford. 

Ta. Ta.3]or, Statistics of Coal. 

W. WciBbach, Mech. of UlaiJiiif 

eri/ and Engineering. 
The numbers without letters aM 
taken from Prof. Moscley's fin- 
gineering and Archilectare 

r has, for convenience, 



Br Lieut. Brown. 
C. GmKh. 

F. Franklin Institute, Report 

Sleam Boilers. 

G. Gordon, Eng. Translation 

WeisbacL 
a. Hodgkinaon, lieporls lu Bi 

Association. 
Ha. HasaUr, Table,. 

In finding the weights, a cubic foot of w 
been taken at 62.5 Iba. 

The numbers for compression taken from Hodgkinson were ob- 
tained by him from prisms high enough to allow the wedjje of rupture 
to slide freely oif. He bliows that this is essential in experiment/ on 

The modulus of rupture S is the breaking weight of a prism I in 
broad, 1 in. deep, and 1 in. between the supports, the weight being ap- 
plied in the middle. To find the corresponding breaking weiglit Wat 
a rectangular beam of any other size, let i = its length, 6 = its breadth, 
and J = its depth, all in inches. Then W ■= -gj- X S. 

The numbers in the last three columns express absolute ati-engtb 
For aafety, a certain proportion only of these numbers is taken. The 
divisors for wood may be from 6 to 10, for metal from 3 to 6, for stone 
10, and for ropes 3, 

When double numbers are used in the column headed "Crashing 
Force per Square Inch in Ibs^" the first applies to specimens moder- 
ately dry, the second to specimens turned and kept dry in a warm 
place two months longer. In the case of Ametican Birch, Elm, and 
Teak, the iiDmbers apply to seasoned specimens. 
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35316 U. 


481^ 




66000-0. 


Mooea. 


Sir 


gil: 






4sam 


47909 F. 






"■" 
















































4'k6J 


uSMM. 






4/1 2f 








4T.W 


■.-pTOtt. 


Siii 


1.156 B 


■1",S0 


,■.■,« 


M?iaHl 


I0930B. 




















'ssoorI' 


tfi."f*.H. 














































laiooB. 


IKSi 






IISOOM. 






a..ui 


16500 


{sl^H. 





Co.vsic 
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Pine, pitch,. . 



" DHcby.ndimdMabIa, 



.STSB. 


M. 


.eaoB. 


4I.S 


.657 B. 


41.11 










.333 H. 




.745 B. 


46. 



i.gnow. 

2.700 ff. 
2^883 



[SJMU.j 



ET[C VABIATIOM. 



TABLE IX. 

MAGNETIC VARIATION. 



Thb following table has been made up from variou sources, prin- 
cipally, however, from the results of the Uniled Smtcs Coast Survey, 
kindly furnished in munuscripc by the Superinlendenl, Prof. A. D. 
Bacbe. '■ These results," he remarks in an accompanying note, " are 
from preliminary computaliona, and may be somewhat changed by the 
final ones." Among the otlier sources may be mentioned ihe Smith- 
»ouian Contributions for 1852, Trans. Am. Phil. Soc. for 1846, Lond, 
Phil. Trans, for 1849, Silliman's Journal for 1838, 1840, 1846, and 
1852, and the various American, British, and Russian Government 
Observations. The latilndea and longitudes here given arc not always 
to be relied on as minutely correct. Many of them, for places in the 
Western States, were confessedly taken from maps and other uncer- 
tain sources. Those of the Coast Sur\-ey Stations, liowevcr, as well 
as those of American and foreign Government Observatories and Sta- 
tions, are presumed to be accurate. 

It will be seen that the variation of the magnetie needle in the 
United States is in some places west and in others east. Tlie line of no 
tariatlon begins in the northwest part of Lake Huron, and runs through 
the middle of Lake Erie, the southwest comer of Pennsylvania, the 
central parts of Virginia, and through North Carolina to the coast. 
All places on the east of this line have the variation of the needle 
west, — all places on the west of this line have the variation of the 
needle east ; and, as a general rule, ihe ferther a place lies from this 
line, the greater is the variation. The position of the line of no varia- 
tion given above is the position assigned to it by Professor Loomis for 
the year 1840. But this line has for many years been moving slowly 
westward, and tliis motion still continues. Hence places whose varia- 
tion is west are every year farther and farther from this line, so thi.t 
the variation west is constantly increasing. On the contrary, places 
whose variation is east are every year nearer and nearer to this line, 
so that the variation east is eonslamly decreasing. The rate of this 
increase or decrease, as tlie case may be, is said to average ab:ut 2' for 
the Southern States, 4' for the JEddle and Western States, and 6' for 
the New England Slates.* The increase in Washington in 1840-2 
was a' 44.2"; in Toronto in 1841 -2 it was 4' 46 2". The changes in 

• Prof. Loomis !a Sllllmiui's Joonial, Tol. XXXIX., 1840, 



MAGNETIC VARIATION. 



C«mbridee,MaaB.majI)e see 


from the 


following determim 


tionsoflhe 


Tariation, tak 


a from the Memoirs of th 


Amencan Academy for 1B46. 


Cambridge 


1708, 9 




Cambridge, 1788 


6 38 




1742, 8 










1757, 7 20 




Salem, 1805 


5 57 




1761, 7 14 














" 181( 


6 23 




1780, 7 2 




Cambridge, 181( 


7 80 




.1782, 6 46 










1783, 6 32 




" 184( 


9 IS 


But besides this change id 


the varia 


on, which may be called eecn- 



lar, there is an annnal and a diumai change, and very frequently there 
are irregular changes of considerable amount. With respect to the 
annnal change, the variation west in the Northern hemisphere is gen- 
erally found to he somewhat greater, and the variation east somewhat 
leas, in tho summer tJian in the winter months. The amount of this 
change is different in diiTerenl places, but it is ordinarily too small to 
be of any practical importance. The diurnal change is well deter- 
mined- At Wasiiington in 1840-2, the mean diurnal change in the 



Summer, 10 4.1 An 
At Toronto the tneans 


Z^, 


6 21.2 


Winter, 5 


9.1 S 


prmg, 


8 10.7 




^.67 
9.46 
12,88 


9,36 
11.70 


1^ 
9.15 
13,36 


^.28 
10.08 
13.84 


li 


1850. 

8.01 
10.90 
13.74 


leei. 

10.83 
12.61 


Winter, 

Spring and Autumn, 



The diumai change in the variation is snch that the north end of the 
needle in the Northern hemisphere attains its extreme westerly posi- 
tion about S o'clock, P. M-, and its extreme easterly position about 
8 o'clock, A. M. In places, therefore, whose variation is west^ the 
maximum variation occurs about 2 F. M., while in places whose vari- 
ation is east, tho maximam variation occurs about 8 A. M, In Wash- 
ington , according to the report of Lieutenant Gilliss, the maximum va- 
riation, taking Ihe mean of two years' observations, occurs ni )''■ SS""- 
P. M., the minimum at s"'- 6"'- A. M. 

The determinations of the Coast Sarvoy are distinguished by the 
letters C. S. attached to the name of the observer. In some tnslanceE 
the name of the nearest town has been added to the name of the Coast 
Survey station. 



I'l Ktport, Seoni 



It 172. 1S4G 



MLvGoOJ^Ic 



BowdomlliU, Pott- 
Cape Nflddick J 
Cspe Sinn.], 
"■ — Ebunliport, 
fy Pdot, 

lUcbmond Island, 4 
Pftbjan a lli>t«l, 



J. E. UllgHcd, c. a 



Burliogton, 
tD1liB-Sqil.im, 

Bxker B I'.lHDil, 



Lll IIILI, 



n UedAird, 
TarpsuUn Core, 



LIG. W. Keely, C.S. 
iJlT.J Lm, d S. 
1.3 r. J. Lm, 0. S. 
i.S G. W. Keely, C. S. 



."J, Hen "lot, C. 8. 
aiiJ. Hennlck, C. 8. 



f Hoi., 1844 1 

I A'ii.L™4j 

Sept., 1845 ■ 
AoV,'lS43 



J. LocfeB. c. a. 
OR.H.IWntWoj.a.l 

■'.d 1. RenwKkl 0. S. 



Tawn Bajibf Oapv 



TABLE II. MAGNETIC VARIATION. 











Dclauiare. 


lude. 


t™^- 


Authoribj. 


tttta). 
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BomW Hook 


& 2'l,S 


7^34.3 


. Locto, U. 3 


Judo, 181S 


S lV.9W 


I^TRreNl^' 


39 35.3 


76 33.S 


. Looks, C. 3. 


June, 81fi 


3 16,0 " 








J. Looko, 0. S. 


July, 846 










J.Locke, C.S. 


July, 846 






19 isi.O 




J. Locke, C. S. 


Jnne, 846 




Wilnim'E*,n, 




?5 33,6 


. Locke, 0, 3. 


Maj, 846 


3 31.8 " 














JSK"- 


38 66.0 


re 36.0 


T. J. J«, 0. a. 

T.j.i^.c.a. 


sas? 


a ie»' 


Fintay, 


i «;" 




J. LMk«. C. S. 


April, IS16 




-£,j«sr^' 






T. J. Let, C. S. 


jp'^''!^;; 


2 13.0 " 






76|4.| 


a. W. Dean, 0. 8. 


Sept., 18j0 




?i" I ftW, 






J. HooBtoD, c. a. 


jS' m 










r J lm, c. . 












T J. L«, c. . 


Jnly," 846 


1 42.1 " 








c J. L«; c. . 


J™, S45 


2 32.4" 










Ju», 847 










c.j:L^;a : 


June, S16 


2 12.0 " 


Souer, 




78 66:7 


G.W.D«ii,C.S. 


July, 350 




Soutb B>»<, Kent 












S^hi^no^Light- 


33 53.S 


76 21.7 


T J. Lee, C. 8. 


Jane, 1815 


a 26.2 " 


hOUM, HST« dfl 




76 4 8 


T J. l«o, C. S, 


July, 1847 


2 611 " 
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Webb, 






T J. Lee, 0. 8. 


M.J, 1847 


a li-i " 


3^ 5A 


76 40;2 




Not., 1850 


3 7.9 " 
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0. W. DesQ, 0. S. 


JiUM, 1851 




WasbluKtoQ, 


33 sa;? 


77 2,8 


J.M.0illl5 


J"ui;iiM2 


1 26.0 " 


Virginia. 












ChulotteBTille, 






Pro(. Ptttteraon, 






So<Lf«, Feto^ 


a: 144 


77 23 5 


a. w;Daaii,C. 8. 


Aog.,1562 


26,4W. 


40 b'j 


30 47!i 


J. Loeke, 


April, ISIS 


2 4.0 E, 




















C. 0, BouteUe. 0. a. 








3« 3' 




O.O.BouWlle.C.8. 


Km,, 1347 




aievenaoa's Point, 




76 11,0 


0. Boutelle, C S. 


Feb., 1347 


I 39.7 '■ 


Sa-i* CS-roiiHfl. 














32 46. 




C. 0. Boa telle, C. 8. 


April, 1849 


3 !6,BB. 






n 63. i 


Capt. Bimctt 


May, 1841 




JJll«tBa«,EdisW, 


^33: 




Q. BaHJaon, 0. 8. 


April, 1850 


2 53.8" 


Georgia. 
Athena, 


34 


«aoo 


Prof, MoUt. 


1837 


4 31.0 K. 




32 »;! 


r)6 lOil 








1*™;* ■ 




83 ai,l 


s-sSo-.- 


April, ISK 


iU" 



C.K,SIC 



. 


S. 


•■^ A»a.ority. 
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Ho,d 










K 




S 's.4 J. E. nilgud, c s. 
S3 a.s:j. B.Hilp™l,C.S. 
84 ia.BJ.K. Hllgara,C.8. 
SI S2.0 J. B. HUgara, 0. s. 


?.b,, 18B( 


li! 


latam 










r"" 


33ia( 




R.H,r«intlH07,C.8. 
Prof . Bsmaid, 


Sfaj, 1947 


liSi 


. ,. 


=0»,7 


easM 


K.H. Fiimtleroj.C.S. 


„„.,« 


,,„., 


"" s. " 


gs 


93Si;6 


J. ». arshun, 


SI'lS 


8 in:2 " 


y 


M 61 
33 B7.I 

39 30J 
ID 32.0 


81 & 




J. Lwte, 
J. Locke, 


a" 

"'•IS 

April, 1841 


Ml 




3«,ao 


^«., 


Prof, iranllton, 


„ 


7 7.0 B. 


D,« 


«a,,o 


82 68.0 


Gwl. B»pOrl, 


1840 


1 0.0 «. 


ml Ha 














i«.o 


IJ^o 


J L«ka, 
Prof. Dunu, 


Sept,, 1846 
1337 


!S!- 


J! 














33Sa.O 


90 12,0 


a/Loamli, 


1310 


7 46.0 !^ 


Miss un 












" 


33 36,0 


89 36,0 


Col, NlcolU, 


1835 
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S" . 


ss 


Bi 8:( 
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SI:!?; 
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IS 
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Sept., 1839 
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41«,0 


90 39,0 


J. Locks, 


5^1., 1839 


8 25,0" 




M26.9 


1^0 26 




Q,D..ld™n,C,a, 


Sept., 1860 


13 4..., .1 



t:;o„8ic 



lGNETic variation. 



Plm. 


£r£: 


"SX^- 


Aathotitr. 


J.. 


TutnOoD. 


Polat Pinoa, 


^3^0 


iSi d.o 




Feb,, 1851 


lJ^.01.. 


Fnrima. ^ 


37 478 


122 27.0 


G. D»Tl4B0n,(!.S. 


Feb., 18o2 


15 26.9 " 


si'S^go, ' 


Mwlo 


lir 14.0 


G. DuTiason, C. S. 


M*J, 18S1 


12 28.0 " 


Ort»™. 












Cpe Dlsap- 


46 lfl.6 


124 20 


o.B«.id™,c.a. 


Jnlj, 1851 


EO 4S.0B. 


42M.4 


lai 21.0 




Not., 1851 


18 29.2 " 


Wruhlngtox 
























ScarboFD' Hu- 














iS 2i.8 


124 37,2 


0. lte»l<l8on,C.S. 


*UK., 1852 


21 30.2 E. 


BK,T«.,^A«.B. 












MdqIthlI, 


M 30.0 


73 35 


Capt Lefroy, 
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eE8.0W. 






71 lfi,0 


Capt. Lefroy, 










73 IS.O 


Baundtiru SnTTer 












Not., 1845 




Tcmnto, ' 


«3y.6 


79 21.5 


BriUsh aorern., 


8^1., 1844 


1 27.2 " 


New Qmsaba 












k«™™- 


S572 


79 29,4 


W H. Emory, 


Hlr., 1349 


S 54.6 B. 


























sir 


SI 2S.0 


0.0 


Prof. Aitj, 


1841 


23 16.0 W. 


















aai.ow 


J, A. Broun, 


liM2 






48 6O:0 


2 20,0 B. 


Paris ObBerTEitory 


Not-, 1351 




NUBiCh, Bs4- 












ria, ' 
























Kussis, 












-ssr'-' 


M61.0 


60 31,0 " 


KusBto OovBcn., 


1342 


6 38.9 B. 


SerKh nsh, S^ 












.»„, 
















British Govern-, 


Dw., 1845 


23 36.6" 


Ctips of Ovai 












Hipe, 


33 S6.0 ■' 






July, 1846 




«"S^.Ir 




.47 27.5" 


British Go..™., 


Dw., 1S4S 


'° ^'"' 
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TBIGONOMBTEICAL FOEMDL^. 



TABLE X. 
TBIGONOMETRICAL AND MISCELLANEOCS FORMULSI 




of thfl right triangle thus fonned are denoted by leltera, as in the Og 
ore, we shall have these six rarmnlie : ~~ 








Ohw,. 


Sought. 


7 


<.,0 


A,B,b 


8 


0,6 


A,B,c 


9 


A, a 


B.b.. 


10 


A 6 


B,a,c 


11 


A,c 


B,a,b 



Solution of Right THangles (fig. 57). 
FonnnUB. 

i.A = l, cot. B-j, c^^a* + i«. 
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TABLE X. TKIGONOMETKICAL AMD 
Solution o/Oiique TViwigles (fig. SSJ. 






Given. 


aooghi.! 


12 


A,B,a 


6 


IS 


A,a,b 


B 


14 


a,b,C 


A-B 


15 


a,b,c 


A 


16 
17 


A,li,C,a 
A,b,<: 


™ 


IS 


a,h,c 


m. '. 






ti.' A + COS.' A 

1. (^ ± e) = 

22 sin. 2A = i sin. 

23 COS. 2 A = COS.' . 
24 



:a = \besm.A. 

GCTCrai Trigonom^Ti-i' 
'A = \. 

B±sic 



=>(»-«)(»-*)(- «l- 



os.^. 



in.' ^ - i - J COS. 2 .A. 

03.'j1 = J + iooa'2.i- 

in. A + Bin. B = 2 sin. i, [A ^- B) cos. i (^ B). 

in. J - sin. B = 2 COS. ^ (^ + B) sin, ^ (^ BJ. 

03. ^ + COS. B = 2 cos, i (^ + B) COS. i (^ • B). 

OS. B - COS. 4 = 2 sin. ^{A + B] sin. ^ ( J - B) 

n.' A — sin.' B - cos.'B -cos.'d = sin. (^ + B)s^ ( ■ 

38.' /i - sin.' B = COS. {A + B) cos. (.d — B)- 



I = cot. i (4 - B). 



Rsidius = r 

Chord = c, heighl = A 
(SLdo=o, number ofi 



' Spherical Polygon < 

Sal!i/!ls of 

m or Cylinder 
Pyramid or Cone 
fWmofPyr- I 



Radius = r, lieight = * S 
t lUdiitsofsphere=r 



taso = 6, height = h 
iaae = h, height = k 
i Bases = b anil 6, , 
i height = h 



ihili + h. + ^bb,) 
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TABLE X, MISCELLANEOUS FOSMULS. 






Solldilg of 
Sphere' 
■ Spherical Segment 
56 Prolate Spheroid 
I Oblate Splieroid 
68| Paraboloid ^ , . i^ _ i 

w = 3.14159 26535 89793 23846 26433 83280 
Log. n = 0.49714 98726 94133 85435 12682 88291 

United States Standard Gallon ^ 231 

" " " Bnslicl = 2150.42 

British Imperial Gallon = 277.2731 




= 0.133G81 cub.fi 
-= 1 24^456 '■ 
= 0.1B0459 " 



F^nch Metre, =3.2817431 ft., 

" Litre, = 61,0741569 tub 

" Kilogram, = S.204737 lb. av 

Weight of Cubic Foot of Water, 

Baroni. 30 inches, Therm. Falir. 



= 3,2811899 ft. 
= 61.oa705cub, ii 
= 2,204597 lb, av. 



Length of Seconds Pcndul 



It New York = . 
" Paris = 



il liadiiis of Earth according t« 



■X = 20,923,597.017 feet 
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TABLE XI. 

SQUARES, CUBES, SQUARE ROOTS, CUBE ROOTS, 



BECIFR0CAL8 OF NUMBERS 



IBOH I TO 100*. 
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! XI. S<iirAKES, CUBES, SQCARE SOOTS, 



Mo. 
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^ 


J 
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1 
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m 


7M 


!S 
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1 


« 
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ss 




of 
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Z 
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tM 


MS 
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88 


7-29 
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HIS 


Sf^ 
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30 
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34 
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3.2396118 




35 






5,9160798 


3.2710663 




3S 


i»e 


46636 




8.30[»27a 
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«.3M5S63 


3.411»5i9 
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^921 


6.40912*2 




.(B4390!M4 
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49 
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.02(633333 




2401 
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7.I4H2S4 
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3.732SI1I 
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.ois^e7S36 




2916 


67464 
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7.48331 4B 


3.9253621 






3J49 
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) KECIPROCAl.S, 



No. 


S,ua™. 


Oub.. 


Square Bnoffi. 


CubeRoo., 
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.014493754 
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.0 3333333 




















8^17609 












ae8si944 












8.9442719 
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4.4814M7 


■01 11 III Ij 


1 




s!591663a 




.010869666 
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4.54esaet) 


.010633398 
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9,3483578 
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4.7822032 
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10.4403065 


4.7768562 


.009174312 








0.4830035 


4.7914199 










O.B3M63a 




j»9009009 
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/»392S671 




1442897 


















J!0a771930 


IIS 
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4.8629442 


.008696652 






o!770329a 


4.37B9990 


.009SiM690 
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172S00D 
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TABLE XIII. 



LOGARITHMIC SINES, COSINES, TANGENTS. 



COTANGENTS. 
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TABLE XIII. LOGARITHMIC SINES, 



NOTE. 

Tub table hero giien eiwlendB to minutes odIj Tlie usual metlicd 
of exteniiiag such a tablo to second', by proportional parts of the 
difference beluecn two consecatiie logarithms, is accurals enough 
for most purposes, espLciallj if ihe angle is not Terj small. When 
the angle la lerj smaU, and great accnracy ih roqnircd, the following 
method may be used for sines, tangents, and cotsngenta. 

L Suppose it were required to find the logarithmic sine of 5' 24" 
By the ordinary incth~l y^ should have 

log. Bin. S' = 7.162696 

diff. ror24" = 31673 
log. sin. 5' 24" — 7.1943«9 

Tiio more accurate method is fonnded oo the proposition in Trigo- 
nometry, that the sines or tangents of very small angles are propor- 
tional to the angles themselves. In the present case, therefore, we 
haveain. 5':ain. 5'a4' = 5' : 5' 24" = 300": 324". Henee sin. 5' 24' 

■= ^m~ ' ■>■■ '"s- *''"■ ^' ^" = '"&■ ='"■ ^' + '"S- 324 — log- 30;l. 
The difFerenee for 24" will therefore, bo the difterenee between the 
logarithm of 324 and the logarithm of 300. The operation will stand 



Comparing this value with thai ^ven in tables that extend to Ecconds, 
we find it exact eren to the last iigure 



^SlA. Therefore, A == -^^ , or log, A -= log. 3 + log. sin. .1 
- log. siu. 3'. Hence it appears, that, to find the logarithm of A in 



miotiles, wo must add to the logarithm of 3 the differenue 
log. sJD. A and log. Ein. 3'. 



A ^3.473 0.540712 

or A = 3' 28.3S". Bj the common method we shonld liavs found 
J = 3' 30.54". 

The same method applies lo tangents and cotungents, except that in 
the case of cotangents the differences aio to be Bnbtrncted. 



*,* The radius of (his table [9 nnit/, and the chsr&cteiistici 9, I, I, 
mnd 6 stand respectively tea — 1, — 3, — 3, and — 1. 
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